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Abstract. Symbolic reachability analysis of large sequential circuits is a computationally hard problem.
Approximate techniques tradeoff precision for scalability by devising new ways of computing approx-
imate images efficiently. Each new technique, however, requires non-trivial work to be implemented in
frameworks like NuSMV or VIS. In addition, the soundness andcompleteness of a new technique is
often left unverified. In this report, we propose Labeled Reachability Expressions (LRE) as a generic
framework for expressing, reasoning about and implementing a large family of symbolic reachability
techniques, including exact and approximate ones. We show how a Boolean decomposition of the transi-
tion relation can be used to discover and optimize LREs that capture the spirit of the decomposition. We
discuss properties of LREs that allow us to reason about their correctness, and also permit comparison
of alternative techniques expressed as LREs. We have built aBDD-based tool on top of the public-
domain symbolic model checker NuSMV, that can interpret LREs to give custom symbolic reachability
analyzers. We illustrate the effectiveness of our approachby implementing state-of-the-art approximate
reachability algorithms and a few new ones simply by feedingappropriate LREs to our tool.

1 Introduction

Finding the set of reachable states of a circuit, orreachability analysis, finds diverse applications in VLSI
CAD, including synthesis, optimization, formal verification and testing. Existing symbolic reachability an-
alyzers either use BDD [6] or SAT based techniques [1, 11], ora combination of both [19, 10]. BDD-based
techniques [12, 21, 33, 27, 18] are eventually limited by memory in practice. SAT-based algorithms [2, 5, 34]
generally scale much better for shallow bug-hunting in large industrial circuits, although optimized BDD-
based techniques have also been reported to be effective forshallow bug-hunting [7]. Recent research has
also shown how SAT solvers can be used to compute interpolants for approximate reachability analysis of
large circuits [25]. As the number of state variables increases, the computational difficulty of searching the
exact reachable state space increases roughly exponentially. This makes exact reachability analysis imprac-
tical for large circuits. Consequently, several approximate techniques have been proposed for searching a
circuit’s state space. Successful search techniques oftenincorporate a designer’s intuition about how a cir-
cuit’s state transition behaviour can be thought of as beingcomposed of state transition behaviours of smaller
components. In this report, we present a framework for discovering, implementing and reasoning about a
large class of such search techniques, focussing on BDD based techniques.

A sequential circuit is a 6-tupleB= (I ,X,O,S0,T,∆) whereI is the set of primary inputs,X is the set of
present state variables,O is the set of primary outputs,S0 is the initial set of states,T is a |X|-dimensional
vector of next-state functions, and∆ is a |O|-dimensional vector of output functions. Theith component of
T gives the next state functionTi(I ,X) for Xi . For purposes of our discussion, the set of primary outputs are
of no concern, and henceforth we will ignore the set of primary outputs and∆.

Given a sequential circuit, its transition relation is given by ϒ(I ,X,X′) =
V|X|

j=1x′j ↔ Tj(I ,X), where
x′ denotes the value of state variablex ∈ X in the next state. LetS(X) be the characteristic predicate
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of a set of states. The image ofS(X) underϒ(I ,X,X′), denotedImg(S(X),ϒ(I ,X,X′)), is computed as
λX′.∃I ,X (ϒ(I ,X,X′)∧S(X)). Starting from an initial set of statesS0(X), the exact set of reachable states of
B can be computed as the least fixpointµS.(S0(X)∨ Img(S(X),ϒ(I ,X,X′))). Unfortunately, in most practical
circuits, the state variable count runs into thousands or more, rendering the computation ofImg(S(X),ϒ(I ,X,X′))
difficult in practice. In addition, the total number of stepsrequired to compute the above fixpoint can also be
large, leading to computational bottlenecks in computing the exact reachable state set.

A variety of reachability analysis techniques for sequential circuits work by decomposing the transition
relationϒ(I ,X,X′) either disjunctively or conjunctively. Such decompositions have been used primarily for
two purposes: (i) to optimize the image computation step of asingle sequential machine [21, 33, 8, 27, 9, 20,
16, 28–30,26], and (ii) to decompose a single machine into multiple submachines, which are then analyzed
independently or in an interleaved manner according to a suitable schedule [26, 30, 29, 12, 18, 17]. In this
report, we primarily focus on submachine based traversal techniques using BDDs.

Submachine-based techniques that project states on a subset of state and auxiliary variables [12, 18, 17]
effectively exploit the conjunctive form ofϒ(I ,X,X′). Typically, each projection is represented separately,
and their conjunction gives the best overapproximation of the reachable state set. Choet al. presented an
automated state space decomposition method in [13] that produces submachines with disjoint state variables.
These are then traversed in carefully interleaved ways to compute over-approximations of the reachable state
space [12, 13]. Two classes of approximate methods were introduced in these works:Machine By Machine
(MBM) and Frame By Frame(FBF). Govindarajuet al. [18, 17] subsequently extended these techniques
by allowing overlapping projections in which a state variable can belong to multiple submachines. This led
to significant improvements in accuracy. We will use these traversal techniques as examples later in our
discussion to demonstrate the effectiveness of our framework.

Our work extends and builds on Thomaset al.’s work [32] in which reachability expressions were in-
troduced as a framework for expressing and reasoning about search methods for asynchronous systems. A
significant limitation of reachability expressions is their inability to simultaneously express multiple reach-
ability computations over different but possibly correlated state sets. Yet another limitation is their inabil-
ity to describe complements of state sets. This makes it difficult to express several interesting reachability
techniques that involve traversal of multiple interactingsubmachines. In this report, we propose Labeled
Reachability Expressions (LRE) to overcome these limitations, and significantly expand the applicability of
the basic reachability expressions formalism.

Our primary contribution is in presenting a richer framework than that proposed in [32] for expressing
a diverse range of search strategies, including those that are not amenable to any natural description using
reachability expressions. This allows us to discover, express, reason about and easily implement a large
family of symbolic reachability techniques, both approximate and exact, using either a single machine or
multiple submachines. As an application, we show how a boolean decomposition of a circuit’s transition
relation can guide the discovery of approximate and exact reachability analysis techniques using LREs. This
not only leads to well-known techniques like MBM but also throws open the possibility of new approximate
state space traversal techniques, one of which is discussedlater. We present some properties of LREs (not
all of which coincide with properties of reachability expressions as in [32]) that allow us to reason about
the correctness of reachability analysis techniques, and also permit comparison of alternative techniques.
We have built a BDD-based tool on top of the public-domain symbolic model checker NuSMV, to give
custom symbolic reachability analyzers. We present our initial experimental findings to demonstrate the
effectiveness of our approach.
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2 Definitions

We consider synchronous sequential circuits composed of combinational gates and flip-flops. All flip-flops
are controlled by the same clock. We assume that all flip-flopscan be reset to a given state.

Definition 1. A Finite State machine (FSM) representation of a sequentialcircuit M, is a Mealy machine
given by

B = (I ,O,X,Q,S0,T,∆) (1)

where

– I = {i1, i2, . . . , iq} is a set of boolean valued Primary Inputs
– O = {o1,o2, . . . ,om} is a set of boolean valued Primary Outputs
– X = {x1,x2, . . . ,xl} is a set of boolean valued (current) State Variables.
– A state of machineM is defined by the boolean values of the state variablesx1, . . . ,xl . LetQ be the finite

set of states of the machineB
– S0 is the set of initial states of the machineB
– T is a vector of ofl next state functions such that∀i ∈ {1, . . . , l}, the ith component ofT denoted

Ti : {0,1}q×{0,1}l → {0,1} is the next state function for the state variablexi , denotedx′i ↔ Ti(I ,X)
wherex′i is the next state variable corresponding toxi .

– Λ is a vector ofm output functions such that∀i ∈ {1, . . . ,m}, the ith component ofΛ denoted∆i :
{0,1}q×{0,1}l →{0,1} is the output function for the Primary Outputoi.

For our application, we ignore the vectorO and the output function vector∆. Henceforth, we will use a
5-tuple FSM representation

B = (I ,X,Q,S0,T) (2)

Example 1.ConsiderB = ([i1, i2], [x1,x2,x3,x4], Q, {¬x1∧¬x2∧¬x3∧¬x4}, [i1∧ x1 + x2, ¬x2 + x3∧
¬x4, i1∧ i2 + ¬x1, ¬x4]). B represents a sequential circuit with two Primary Inputs:i1, andi2 and has four
State Variables:x1, x2, x3 andx4. It has a single initial state¬x1∧¬x2∧¬x3∧¬x4 which is the all-zero state.
The last tuple is a vector of next state functions:T having one entry for each next state function ofB.

x′1 = T1(I ,X) = i1∧x1 + x2

x′2 = T2(I ,X) = ¬x2 + x3∧¬x4

x′3 = T3(I ,X) = i1∧ i2 + ¬x1

x′4 = T4(I ,X) = ¬x4

Definition 2. Boolean Function Vector (BFV):Any multiple output boolean function can be represented as
a vector of single output boolean functions which is called aBoolean Function Vector (BFV).

Example 2. Tin Definition 2 is a BFV of the next state functions of a sequential circuit.

Definition 3. Sets and Characteristic Functions:Let Sbe a set of states such thatS⊆Q. The characteristic
function ofS is the function

S(X) : Q→{0,1} defined byS(X)(x) = 1 if x∈ S, S(X)(x) = 0 otherwise

A characteristic function is simply a functional representation of a subset of a set.
Note: Given a sequential circuit withl state variables, characteristic function of the set of all states i.e. the
universe{0,1}l is 1 and characteristic function of/0 is 0.
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Definition 4. Support of a boolean function:Let f : {0,1}b→ {0,1} denote a non-constant Boolean func-
tion of b variablest1, . . . ,tb. We say thatf depends onti iff f |ti 6= f |¬ti . We define the support off , denoted
Sup( f ), as the set of Boolean variablesf depends on.

Example 3.Consider a boolean functionf = x1¬x2 + ¬x1x3. Then,Sup( f ) = {x1,x2,x3}

Definition 5. State Transition Diagram (STD):Given an FSMB = (I ,X,Q,S0,T), its State Transition Dia-
gram is a graphG = (V,V0,E), where

– V = Q is the set of vertices of the graph
– V0⊆V is the set of start vertices of the graph,V0 = S0

– E = V×V is the set of edges,∀s1,s2 ∈Q,(s1,s2) ∈ E i f T(i,s1) = s2 where i ∈ I

Example 4.For the sequential circuit in Example 1, the corresponding STD is shown in Figure 4.

0101

0000 0111 1010 1101

1111 1000

XX XX

00/01 XX

10

11

1111

00/01/10

1000/01/10

11

00/01

Fig. 1: STD for Example 1

Definition 6. Reachable States:Given an FSM representationB= (I ,X,Q,S0,T) of a sequential circuit, the
set of states that can be reached by application of all input sequences from the set of initial states (S0) are
calledreachable. Reachability Rcan be defined as a relationR⊆Q×Q such that

∀s∈Q,(s,s) ∈ R ∧

∀s1,s2,s3 ∈Q,((s1,s2) ∈ R)∧ (s2,s3) ∈ R)→ (s1,s3) ∈ R

Example 5.For the sequential circuit in Example 1, the set of reachablestates is
{0000,0101,0111,1000,1010,1101,1111}.

Reachability Analysis is a decision problem which checks ifa specified set of states is reachable or not. Using
the STD representation, this reduces to being the problem oftraversal of the STD from its initial states to
determine which states are reachable. But, such an explicitgraph representation may not be practical for
large sequential circuits with a large number of flip-flops.
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Definition 7. BDD (Binary Decision Diagram):A BDD (proposed by Lee [23] and later Akers in [3]) is
a data structure used to represent a Boolean function. A Boolean function can be represented as a rooted,
directed, acyclic graph, which consists of decision nodes and two terminal nodes called 0-terminal and 1-
terminal. Each decision node is labeled by a Boolean variable and has two child nodes called low child and
high child. The edge from a node to a low (high) child represents an assignment of the variable to 0 (1).
Such a BDD is calledorderedif different variables appear in the same order on all paths from the root. In
this report we use the term BDD to refer to OBDD.

Example 6.Shown in Figure 6 is a BDD for the next state equationx′1 = i1x1 + x2. We use the variable order
i1 < i2 < x1 < x2 < x3 < x4.

i1

x1 x2

T F

Fig. 2: BDD for Example 1

Definition 8. Monotonic Function:Given a domainH, a functionf : H → H is said to be monotone iff for
all x,y∈ H, x≤ y iff f (x) ≤ f (y).

Definition 9. Transition Relation representation:Given a BFVT(I ,X) of length l , where each∀i, Ti :
{0,1}q×{0,1}l → {0,1}, the corresponding transition relation of the sequential circuit is represented as
∆ : {0,1}q×{0,1}l ×{0,1}l →{0,1}, i.e.

∆(I ,X,X′) =
^

1≤ j≤l

(x′j ↔ Tj(I ,X))

Definition 10. Given a set of state variables X, characteristic function S(X) of a set of states S and a set of
k projections of the state variables{π1,π2, . . . ,πk}, theprojection operatorαi projects S(X) ontoπi .

∀i ∈ {1,2, . . . ,k} αi(S(X)) = ∃X \πi S(X)

= ∃πi S(X)

Example 7.Let X = {x1,x2,x3}, S(X) = ¬x1∨ x2∧¬x3 andP = {π1,π2} whereπ1 = {x1,x2} andπ2 =
{x2,x3}. Then

α1(S(X)) = α1(¬x1∨x2∧¬x3)

= ∃x3 (¬x1∨x2∧¬x3)

= ¬x1∨x2
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and,

α2(S(X)) = α2(¬x1∨x2∧¬x3)

= ∃x1 (¬x1∨x2∧¬x3)

= 1

Definition 11. Given a set of state variables X, characteristic function S(X) of a set of states S and a set of k
projections of the state variables{π1,π2, . . . ,πk}, theabstraction operatorα projects S(X) onto the various
π j ’s as

α(S(X)) =

(
α1(S(X)), . . . ,αk(S(X))

)

Definition 12. Given a characteristic function S(X) of a set of states S and a set of k projections of the state
variables, theconcretization operatorγ conjoins all the k projections

γ
(

α1(S(X)),α2(S(X)), . . . ,αk(S(X))

)
=

i=k̂

i=1

αi(S(X))

Example 8.From Example 7 we know thatα1(S(X)) = ¬x1∨x2 andα2(S(X)) = 1. So,

γ(α1(S(X)),α2(S(X))) = α1(S(X))∧α2(S(X))

= (¬x1∨x2)∧1

= ¬x1∨x2

3 Notations

We list the notations used in this report.

1. I , X andX′ denote sets of boolean valued Primary Inputs of cardinalityq, boolean valued Current State
Variables of cardinalityl and boolean valued Next State Variables of cardinalityl respectively.

2. Y denotes a set of free variables.
3. S,R, . . . denote sets of states such thatS,R⊆Q.
4. S(X) denotes the characteristic function of the set of statesS.
5. T(I ,X) denotes a BFV of lengthl
6. I ′ = I ∪Y is a set obtained by the union of the setsI andY.
7. 1 denotestautology.
8. k denotes the number of projections of the set of state variablesX.

4 Approximations using projections of state variables

Lemma 1. Let S1(X), S2(X) be characteristic functions of sets of states S1 and S2 respectively. Then∀i,
S1(X)→ S2(X)⇒ αi(S1(X))→ αi(S2(X)).

Proof: Follows from the monotonicity of the projection operatorαi which is based on existential quantifica-
tion. Hence∀i, αi is a monotone function.
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Example 9.Let S1(X) = ¬x1 andS2(X) = ¬x1∨x2∧¬x3. Then,

α1(S1(X)) = ∃x3(¬x1) = ¬x1

α1(S2(X)) = ∃x3(¬x1∨x2∧¬x3) = ¬x1∨x2

Hence α1(S1(X))→ α1(S2(X))

α2(S1(X)) = ∃x1(¬x1) = 1

α2(S2(X)) = ∃x1(¬x1∨x2∧¬x3) = 1

Hence α2(S1(X))→ α2(S2(X))

Lemma 2. Let S1(X), S2(X) be characteristic functions of sets of states S1 and S2 respectively. Then∀i,
αi(S1(X)∨S2(X)) = αi(S1(X))∨αi(S2(X)).

Proof: Projection is based on existential quantification which distributes over∨. Hence, the projection op-
erator also distributes over∨.

Example 10.From Example 9, we know that

α1(S1(X)∨S2(X)) = α1(¬x1∨¬x1∨x2∧¬x3)

= α1(¬x1∨x2∧¬x3)

= ∃x3(¬x1∨x2∧¬x3)

= ¬x1∨x2

α1(S1(X))∨α1(S2(X)) = α1(¬x1)∨α1(¬x1∨x2∧¬x3)

= ∃x3(¬x1)∨∃x3(¬x1∨x2∧¬x3)

= ¬x1∨¬x1∨x2

= ¬x1∨x2

Henceα1(S1(X)∨S2(X)) = α1(S1(X))∨α1(S2(X))

Lemma 3. Let S(X) be the characteristic function of a set of states S, and P= {π1,π2, . . . ,πk} be a set of
projections of the state variables. Then,∀i ∈ {1,2, . . . ,k},

S(X)→ αi(S(X))

Proof: Follows from the fact of predicate logic that for any function φ(A), φ→ ∃x φ wherex⊆ A and also
that the projection operatorαi is based on existential quantification.

Lemma 4. Let S(X) be the characteristic function of a set of states S, and P= {π1,π2, . . . ,πk} be a set of
projections of the state variables. Then,∀i ∈ {1,2, . . . ,k},

S(X)→ γ(α(S(X)))

= γ(α1(S(X)), . . . ,αk(S(X)))

Proof: From Lemma 3, we know that∀i ∈ {1,2, . . . ,k},S(X)→ αi(S(X)). Using the fact from propositional
logic that∧i(r→ q j) implies thatr →∧iqi. Hence,S(X)→ γ(α1(S(X)), . . . ,αk(S(X))).
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Note: From Lemma 4, we can conlude that projecting a set of statesS(X) onto a collection of projec-
tions using theαi operator and then concretizing the projections using theγ operator results in an over-
approximation.

Lemma 5. Let S be any set of states. Then, P= (S,⊆) forms a complete lattice under the join operation of
set union and under the meet operation of set intersection.

Definition 13. Let S(X) be the characteristic function of a set of states S andT(I ,X) be a BFV of length l,
then the image of S(X) underT(I ,X) is computed as

Img(S(X),T(I ,X)) = λX′ ∃I , ∃X

(
S(X)∧

j=l̂

j=1

(x′j ↔ Tj(I ,X))

)

This produces a predicate with support inX′. The resulting predicate is1 iff ∀ j ∈ {1, . . . , l} x′j is in the image
of S(X) underTj(I ,X).

Definition 14. Let S(X) be the characteristic function of a set of states S and∆(I ,X,X′) be the transition
relation of the sequential circuit, then the image of S(X) under∆(I ,X,X′) is computed as

ImgTR(S(X),∆(I ,X,X′)) = ∃I , ∃X

(
S(X)∧

j=l̂

j=1

(x′j ↔ Tj(I ,X))

)

This produces a predicate with support inX′ which is true iff∀ j ∈ {1, . . . , l} x′j is in the image ofS(X) under
∆(I ,X,X′).

Lemma 6. Let S(X) be the characteristic function of a set of states S,T(I ,X) be a BFV of length l, and
∆(I ,X,X′) be the transition relation equivalent ofT(I ,X), then

Img(S(X),T(I ,X)) = ImgTR(S(X),∆(I ,X,X′))

This follows from the definitions of theImg andImgTR operations.

Lemma 7. LetT(I ,X) be the BFV for a sequential circuit and S1(X) and S2(X) be characteristic functions
of sets of states S1 and S2 respectively such that S1(X)→S2(X). Then, Img(S1(X),T(I ,X))→ Img(S2(X),T(I ,X)).
In other words, Image computation is a monotone function.

Proof: The image ofS1(X) underT(I ,X) is defined as

Img(S1(X),T(I ,X)) = λX′ ∃I , ∃X S1(X)∧ (X′ = T(I ,X))

→ λX′ ∃I , ∃X S2(X)∧ (X′ = T(I ,X)) (SinceS1(X)→ S2(X))

= Img(S2(X),T(I ,X)) By definition of image ofS2(X) underT(I ,X).

Hence, Image computation is a monotone function.

Theorem 1. The set of reachable states of a sequential circuit can be computed by BFS(S0,T) described in
Algorithm 1 [33].

Proof: It is a well known result and a proof is in [33].
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Algorithm 1 Symbolic BFS TraversalBFS(S0,T)

1: reached= S0

2: loop
3: old reached= reached
4: reached= reached∨ Img(reached,T)
5: if old reached= reachedthen
6: returnreached
7: end if
8: end loop

Definition 15. Given a projectionπp of the state variables, characteristic function S(X) of a set of states S,
and a BFVT(I ,X) of length l, we define[T(I ,X)]πp to be another BFV of length l such that its jth element is

Tj(I ,X) if x j ∈ πp

y j If x j /∈ πp, where yj ∈Y is a free variable

Definition 16. Given a projectionπi of the state variables, characteristic function S(X) of a set of states S,
and a BFV[T(I ,X)]πi , we define

Img(S(X), [T(I ,X)]πi ) = λX′ ∃I ∃Y ∃X

(
S(X)∧

^

{ j| j∈πi}

(x′j ↔ Tj (I ,X))∧
^

{ j| j /∈πi}

(x′j ↔ y j )

)

Lemma 8. Given a projectionπi of the state variables, characteristic function S(X) of a set of states S, and
a BFVT(I ,X) of length l,

Img(S(X),T(I ,X))→ Img(S(X), [T(I ,X)]πi )
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Proof:

Img(S(X),T(I ,X)) = λX′ ∃{i ∈ I ,x∈ X}

(
S(X)∧

j=l̂

j=1

(x′j ↔ Tj (I ,X))

)

From definition

= λX′ ∃{x∈ X}

(
S(X)∧∃i ∈ I

[ j=l̂

j=1

(x′j ↔ Tj (I ,X))

])

SinceX∩ I = /0

= λX′ ∃{x∈ X}

(
S(X)∧∃i ∈ I

[
^

{ j|x j∈πi}

(x′j ↔ Tj(I ,X))∧
^

{ j|x j /∈πi}

(x′j ↔ Tj(I ,X))

])

From definition

→ λX′ ∃{x∈ X}

(
S(X)∧∃i ∈ I

(
^

{ j|x j∈πi}

(x′j ↔ Tj (I ,X))

)
∧

∃i ∈ I

(
^

{ j|x j /∈πi}

(x′j ↔ Tj (I ,X))

))

From predicate logic,∃x (P(x)∧Q(x))→∃x P(x)∧∃x Q(x)

= λX′ ∃{x∈ X}

(
S(X)∧∃i ∈ I ∪Y

[
^

{ j|x j∈πi}

(x′j ↔ Tj (I ,X))∧1

])

Since∃{i ∈ I} (
V

j|x j /∈πi
(x′j ↔ Tj(I ,X))) = 1,

asx′j can be assigned the value ofTj(I ,X) to make it true

= λX′ ∃{x∈ X}

(
S(X)∧∃i ∈ I

(
^

{ j|x j∈πi}

(x′j ↔ Tj (I ,X))

)
∧

∃y j ∈Y
^

{ j|x j /∈πi}

(x′j ↔ y j )

)

Since∃{y j ∈Y} (
V

{ j|x j /∈πi} (x′j ↔ y j )) = 1, as again by the same reasoning as in

previous step one can always find an assignment forx′j which makes it true

= λX′ ∃{x∈ X}

(
S(X)∧∃i ∈ I ∪Y

[
^

{ j|x j∈πi}

(x′j ↔ Tj (I ,X))∧
^

{ j|x j /∈πi}

(x′j ↔ y j)

])

= λX′ ∃{i ∈ I ∪Y,x∈ X}

(
S(X)∧

[
^

{ j|x j∈πi}

(x′j ↔ Tj(I ,X))∧
^

{ j|x j /∈πi}

(x′j ↔ y j )

]

I ∩Y = /0, so∃{i ∈ I}φ∧∃{y∈Y}ψ = ∃{i′ ∈ (I ∪Y)}(φ∧ψ)

= Img(S(X), [T(I ,X)]πi ) From definition

Hence proved.

Lemma 9. Given a projectionπi of the state variables, characteristic function S(X) of a set of states S, and
a BFVT(I ,X) of length l,

αi(Img(S(X),T(I ,X))) = αi(Img(S(X), [T(I ,X)]πi ))
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Proof: Let πi = {x j |x j /∈ πi} andπ′i = {x′j |x j /∈ πi}. Then we know from definition that

αi(Img(S(X),T(I ,X))) = ∃π′i λX′ ∃I ∃X

(
S(X)∧

^

{ j|x j∈πi}

(x′j ↔ Tj (I ,X))∧
^

{ j|x j /∈πi}

(x′j ↔ Tj(I ,X))

)

= λπ′i∃I ∃X
(

S(X)∧
^

{ j|x j∈πi}

(x′j ↔ Tj(I ,X))∧∃π′i
^

{ j|x j /∈πi}

(x′j ↔ Tj (I ,X))

)

Note that∃π′i
V

{ j|x j /∈πi}(x
′
j ↔ Tj(I ,X)) = 1

Sincex j /∈ πi implies thatx′j ∈ π′i

= λπ′i∃I ∃X
(

S(X)∧
^

{ j|x j∈πi}

(x′j ↔ Tj(I ,X))∧1

)

Also, ∃y j(x′j ↔ y j) = 1

= λπ′i∃I ∃X
(

S(X)∧
^

{ j|x j∈πi}

(x′j ↔ Tj(I ,X))∧∃Y
^

{ j|x j /∈πi}

(x′j ↔ y j )

)

= ∃π′i λX′ ∃I ∃X ∃Y (S(X)∧
^

{ j|x j∈πi}

(x′j ↔ Tj(I ,X))∧
^

{ j|x j /∈πi}

(x′j ↔ y j ))

= αi(Img(S(X), [T(I ,X)]πi )) From definition

Theorem 2. Given a projectionπi of the state variables, characteristic function S(X) of a set of states S,
and a BFVT(I ,X) of length l,

Img(S(X),T(I ,X))→ γ
(

α1(Img(S(X), [T(I ,X)]π1)), . . . ,αk(Img(S(X), [T(I ,X)]πk))

)

Proof: We know that

Img(S(X),T(I ,X))→ γ
(

α(Img(S(X),T(I ,X)))

)

= γ
(

α1(Img(S(X),T(I ,X))), . . . ,αk(Img(S(X),T(I ,X)))

)

= γ
(

α1(Img(S(X), [T(I ,X)]π1)), . . . ,αk(Img(S(X), [T(I ,X)]πk))

)
From Lemma 9

Definition 17. Generalised Cofactor Operation (Constrain):
The generalised cofactor operation or the constrain operator, denoted by↓ allows one to cofactor a function
f , with respect to another functionc, and reduces to ordinary cofactor whenc is a literal. Intuitively, given
two Boolean functionsf andc overn bit variables,( f ↓ c)(x) evaluates to the valuation off (x) if c(x) is
true. Else, it performs minimum number of flipping of bit values (in a fixed and specified variable order) to
mapx to a newx′, such thatc(x′) is true and returns the valuation off (x′).

The result of the constrain operator depends on the variableordering used in the BDD representation. (Ifc
is a cube, then constrain reduces to being ordinary cofactoroperation and is also independent of the variable
ordering). Algorithm 2 describes the constrain operation [15].
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Algorithm 2 constrainf ↓ c

1: assert(c 6= 0)
2: if ((c = 1)||( f = 0)||( f = 1)) then
3: return f
4: end if
5: if ( f = c) then
6: return 1
7: end if
8: if ( f = ¬c) then
9: return 0

10: end if
11: Let x1 be the top variable inc
12: if (c|¬x1 = 0) then
13: return f |x1 ↓ c|x1

14: end if
15: if (c|x1 = 0) then
16: return f |¬x1 ↓ c|¬x1

17: end if
18: return ite(x1, f |x1 ↓ c|x1, f |¬x1 ↓ c|¬x1)

For example, consider a Boolean space over three bit variables p, q, andr and a fixed variable ordering
p < q < r.

Example 11.Let f = p ∨ r andc = q, then f ↓ c reduces to ordinary cofactor operation. Hencef ↓ c =
(p ∨ r)|q = p ∨ r.

Example 12.Let f = q ∧ r andc = ¬p ∨ (p ∧ q ∧ r), then using the algorithm 2 we get

f ↓ c =

[
p∧

(
(q ∧ r)|p ↓ (¬p ∨ (p ∧ q ∧ r))|p

)]
∨

[
¬p∧

(
(q ∧ r)|¬p ↓ (¬p ∨ (p ∧ q ∧ r))|¬p

)]

=

[
p∧

(
(q ∧ r) ↓ (q ∧ r)

)]
∨

[
¬p∧

(
(q ∧ r) ↓ 1

)]

= [p∧1]∨ [¬p∧ (q ∧ r)]

= p∨ (¬p∧q ∧ r)
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Example 13.Consider the same boolean functionsf andcas in Example 12, but a different variable ordering
r < q < p. Using the algorithm 2 we get

f ↓ c =
[
r ∧ ( f |r ↓ c|r)

]
∨

[
¬r ∧ ( f |¬r ↓ c|¬r)

]

=

[
r ∧

[
q ↓

(
¬p ∨ (p ∧ q)

)]]
∨

[
¬r ∧ (0 ↓ ¬p)

]

=

(
r ∧

[
q ↓ (¬p ∨ (p ∧ q))

])
∨0

= r ∧

[
q ↓ (¬p ∨ (p ∧ q))

]

= r ∧

[(
q∧

(
q|q ↓ (¬p ∨ (p ∧ q))|q

))
∨

(
¬q∧

(
q|¬q ↓ (¬p ∨ (p ∧ q))|¬q)

)]

= r ∧

[(
q∧ (1 ↓ (¬p ∨ p)

)
∨

(
¬q∧0

)]

= r ∧

[[
q∧ (1 ↓ (¬p ∨ p))

]
∨0

]

= r ∧q

Hence we see that the variable order is very crucial when using the constrain operator. Infact this forces
that any variable ordering chosen at the start of any computation must be maintained throughout the BDD
implementation. No dynamic variable reorderings should beallowed.

Definition 18. Given boolean functions f , g and h, define a general constrainoperator called multiple
constrain as proposed by Govindaraju in [18] as

f ↓ (g∧h) = ( f ↓ h) ↓ (g ↓ h)

= ( f ↓ g) ↓ h Only if g and h have disjoint supports, shown by McMillan [24].

Touatiet al. [33] have shown that constrain is a specific instance of a moregeneral operation called the
generalized cofactor. Since the use of the constrain operator is known to result in performance improvements
in practical reachability analyzers, we wish to extend LREsto allow applications of this operator. In fact, we
introduce a variant of the constrain operator, calledmodified constrain, denoted↓M, defined as follows.

Let Y = {y1, . . .yn} be a set of boolean variables andf : {0,1}n→ {0,1} andg : {0,1}n→ {0,1} be
functions of variables from the setY.

Definition 19. The support of f is{yi ∈ Y | f |yi 6↔ f |¬yi}, where f|yi and f|¬yi denote the positive and
negative cofactors respectively of f with respect to yi .

Definition 20. Let y1 < .. . < yn be a variable order and M⊆Y. Given two points a and b in{0,1}n, let
ηM(a,b) = ∑yi∈M 2n−i · (ai +bi) mod 2. For a subset N of Y and a point c∈ {0,1}n, we define( f ↓N g)(c)
= f (ρg,sup( f )\N(c)), whereρg,Z : {0,1}n→ {0,1}n maps each point c in{0,1}n to its nearest neighbour d
(according toηZ) such that g(d) = 1.

Coudert and Madre’s algorithm [15] for applying the constrain operator can be easily adapted to apply the
modified constrain operator by incorporating an additionalcheck that tests whether a variable insup(g) is
also insup( f )\N. If M = /0 andsup(g)⊆ sup( f ), we get back the original constrain operator.
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Theorem 3. (a) sup( f ↓N g)⊆ sup( f ).
(b) Img(S(X),ϒ1(I ,X,X′)∧ϒ2(I ,X,X′)) = Img(S(X),ϒ1(I ,X,X′) ↓X′ ϒ2(I ,X,X′).

Theorem 3(a) ensures that when computing the image of a stateset as in Theorem 3(b), the support set of
the constrained transition relation doesn’t increase.

Govindaraju et al [18] extended the idea of constraining by proposing amultiple constrainoperator to
efficiently compute the image of a set of states represented as the intersection of multiple (abstract) state sets.
Their algorithm is based on the observation thatϒ(I ,X,X′) ↓ (S(X)∧R(X)) = (ϒ(I ,X,X′) ↓R(X)) ↓ (S(X) ↓
R(X)). Henceforth we will denote this operation asϒ(I ,X,X′) ⇓ [S(X),R(X)], where the vector to the right
of ⇓ can be extended to have more than 2 elements in general. Use ofthemodified constrainoperator,↓M
instead of the↓ operator in the computation of⇓, gives themodified multiple constrainoperator (denoted
⇓M). The following result now follows from Theorem 3(b).

Theorem 4. Img(S,ϒ1∧ ϒ2) = Img(1,ϒ1 ⇓X′ [ϒ2,S]), whereϒi is a predicate over I∪X ∪X′ and S is a
predicate of X.

In our subsequent discussion, the⇓M operator is always used withM = X′, whereX′ denotes the set of next
state variables of a sequential circuit.
We now discuss the algorithms presented in Choet al.in [12]. We consider the use of overlapping projections
of the state variables as proposed by Govindarajuet al. in [18]. Let Fi to refer to the transition relation for
the state variables in the projectionπi .

5 Machine by Machine (MBM) Traversal

This strategy traverses the subspaces serially and iteratively, until afixpointin the computation of the reached
set is obtained. MBM initially sets the reachable states of all subspaces totautologyand computes the reach-
able states of each subspace in turn. In each iteration, the BFV of the subspace being traversed is constrained
by thereachable statesof the other subspaces obtained from the previous iteration. The process is repeated
until the sets of reachable states stops shrinking. It is hence computing a greatest fixpoint computation with
least fixpoint computations (reachability analyses of the subspaces) performed at each iteration.

Theorem 5. The procedure MBM converges.

Proof: Follows from Theorem 4.1 in Choet al. [12].

Theorem 6. Let R be the set of exact reachable states and reachedi be the computed set of reachable states
for the subspace Mi corresponding to the projectionπi . Then∀i, αi(R) ⊆ reachedi. In other words, the
procedure MBM computes an over-approximation of the reachable state space.

Proof: Follows from Theorem 4.2 in Choet al. [12].

6 Frame by Frame (FBF) Traversal

In this strategy, instead of traversing subspaceMi before subspaceMi+1, one step of image computation is
done for every subspace, then all subspaces move one time frame ahead, and then another image computation
is performed (one per subspace). The algorithm terminates when afixpointin the computation of the reached
set is obtained. Depending on how the constraints are updated, there are two variants: Reached FBF and To
FBF.
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Algorithm 3 Standard MBM Traversal MBM

1: for i = 1 tok do
2: reachedi = 1
3: f romi = αi(S0)
4: traversei = true
5: end for
6: repeat
7: converged =true
8: for i = 1 tok do
9: if traversei then

10: old reachedi = reachedi
11: reachedi = BFS(f romi ∧

Vl=k
l=1,l 6=i(reachedl), Fi )

12: traversei = false
13: if old reachedi 6= reachedi then
14: for ∀ j ∈ FANOUT (Mi) do
15: traversej = true
16: end for
17: end if
18: end if
19: end for
20: for i = 1 tok do
21: if traversei then
22: converged=false
23: end if
24: end for
25: until converged =true
26: return (γ(reached1, . . . , reachedk))
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6.1 Reached FBF

RFBF initially sets the reachable states of each subspace toits respective initial states. It then interleaves the
reachability analyses of the subspaces by computing one image computation for each subspace in turn. It
also constrains the BFV of each submachine by the reachable sets of the other subspaces. When computing
the ith step of reachability analysis for a subspace, the accumulated reachable states of the other subspaces
from the previous iteration are used. The computation continues till the sets of reachable states stop growing,
i.e. afixpointhas been attained.

Algorithm 4 Standard RFBF Traversal RFBF

1: for i = 1 tok do
2: reachedi = αi(S0)
3: end for
4: j = 0
5: repeat
6: converged =true
7: for i = 1 tok do
8: old reachedi = reachedi
9: to j+1

i = Img(γ(reachedj1, . . . , reachedjk), Fi)

10: reachedi = reachedi ∨ to j+1
i

11: if old reachedi 6= reachedi then
12: converged =false
13: end if
14: end for
15: j = j +1
16: until converged =true
17: return (γ(reached1, . . . , reachedk))

Theorem 7. The procedure RFBF converges.

Proof: Follows from Theorem 4.4 in Choet al. [12].

Theorem 8. The procedure RFBF computes an over-approximation of the reachable state space.

Proof: Follows from Theorem 4.3 and Lemma 4.2 in Choet al. [12].

6.2 To FBF

Unlike RFBF which uses thereachedsets as constraints, this method uses theto sets (i.e. the images them-
selves) from the previous image computation to constrain the BFV of the subspace being traversed currently.
Since this uses the smallest constraint set, it gives the smallest reached set upon convergence.

Theorem 9. The procedure TFBF converges.

Proof: Follows from Theorem 4.6 in Choet al. [12].

Theorem 10. The procedure TFBF computes an over-approximation of the reachable state space.

Proof: Follows from Theorem 4.3 and Lemma 4.3 in Choet al. [12].



17

Algorithm 5 Standard TFBF Traversal TFBF

1: for i = 1 tok do
2: reachedi = αi(S0)
3: end for
4: j = 0
5: repeat
6: converged =true
7: for i = 1 tok do
8: to j+1

i = Img(γ(to j
1, . . . ,to

j
k), Fi)

9: reachedi = reachedi ∨ to j+1
i

10: if ∃t,t < j,γ(tot
1, . . . ,to

t
k) 6= γ(to j

1, . . . ,to
j
k) then

11: converged =false
12: end if
13: end for
14: j = j +1
15: until converged =true
16: return (γ(reached1, . . . , reachedk))

7 TMBM

This is a hybrid traversal method, which starts off as TFBF and after a specified number of iterations switches
to MBM. Use of TFBF at the start of traversal gives the benefit of accuracy in image computation, while
MBM helps in faster convergence.

First, TFBF runs fort time frames. The reached set is saved, and MBM uses theto set (frontier) at time
t as the initial state set. When MBM reaches a fixpoint, the reached set computed by MBM is added to the
saved reached set computed by TFBF to give the final reached set.

Algorithm 6 TMBM Traversal TMBM

1: ({t f b f reachedi}, {tot
i}) = TFBF(run-for-t-iterations)

2: for i = 1 tok do
3: αi(S0) = tot

i
4: end for
5: {reachedi} = MBM()
6: for i = 1 tok do
7: tmbmreachedi = t f b f reachedi ∨ reachedi
8: end for
9: return (γ(tmbmreached1, . . . ,tmbmreachedk))

Theorem 11. The procedure TMBM converges.

Proof: Follows from convergence proof of MBM by Theorem 5.
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Theorem 12. The procedure TMBM computes an over-approximation of the reachable state space.

Proof: Follows from overapproximation proofs of MBM by Theorem 6 and TFBF by Theorem 10.

We have seen in detail the various state of the art search methods. We want to investigate if it would be
possible to express every search method based on least fixpoint computation in a unified framework. In this
regard, we first briefly discuss the theory of Reachability Expressions [31] which have been very useful
in writing traversal schedules for large asynchronous systems. Another framework for writing schedules
has been introduced by Varun Kanade in [22] which uses Reachability Matrices (henceforth called RM).
In this chapter, we propose a variant of Reachability Expressions (henceforth called RE) calledLabeled
Reachability Expressions (henceforth called LRE) and detail its applicability. We also discuss the expressive
capabilities of these frameworks.

8 Reachability Expressions

Reachability Expressions have been very useful in writing traversal schedules for applications like breadth
first search and priority round-robin [31]. It has been demonstrated in [31] that it is very useful to compare the
performances of different search schedules based on a few metrics like time taken and memory consumption.
We present the grammar of Reachability Expressions [31] here. We have added a new operator¬, which
permits negation with REs. This operator now provides extrafunctionality with REs than earlier [31]. We
will explain these extra features in the context of LREs later in this report.

8.1 Syntax

Given a transition system expressed as a disjunction ofk transition relations, letCϒ = {ϒ1, . . . ,ϒk,δ,θ}. Let
C ′ = C ∪{+ , ◦ , ; ,¬,∗,(,)} be the set of terminal symbols. An RE over the setCϒ is a terminal string ob-
tained from the following grammar:

E → E + E

| E ◦ E

| E ; E

| (E)

| ∗E

| ¬E

| ϒ1 | . . . | ϒk

| δ
| θ

We have added the negation operator (¬) has been added to the grammar of REs.

8.2 Semantics

REs provide a framework which formalizes the sequence of image computation operations of the underlying
transition system. The semantics of an REσ over the setCϒ for the transition systemB, denoted[[σ ]]B is
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defined with respect to the underlying state transition systemB, and is naturally described as a mapping from
characteristic function representation of a set of states to characteristic function representation of a set of
states. We shall henceforth omit the subscriptB when it is clear from the context. We denoteImgTR(S(X),ϒi)
to be the image operation computed as the characteristic function given byImgTR(S(X),Fi(I ,X,X′)).

We give below an inductive definition of[[σ ]] (S(X)) for the characteristic functionS(X) of a set of states
S⊆Q following the definition by Dina Thomaset al. in [31].

– [[δ ]] (S(X)) = S(X)
– [[θ ]] (S(X)) = 0
– [[ϒi ]] (S(X)) = ImgTR(S(X),ϒi)
– [[σ1 + σ2 ]] (S(X)) = [[σ1 ]] (S(X))∨ [[σ2 ]] (S(X))
– [[σ1 ◦ σ2 ]] (S(X)) = [[σ2 ]] ( [[σ1 ]] (S(X)))
– [[σ1 ; σ2 ]] (S(X)) = [[(σ1 + δ) ◦ (σ2 + δ) ]] (S(X))
– [[ (σ) ]] (S(X)) = [[σ ]] (S(X))
– [[¬σ ]] (S(X)) = ¬ [[σ ]] (S(X))
– Let (σ)0 = δ and(σ)i = (σ)i−1 ◦ σ,∀i ≥ 1, then[[∗σ ]] (S(X)) =

W∞
i=0 [[ (σ)i ]] (S(X))

8.3 Examples

Consider characteristic functionS(X) of a set of statesS. The following examples show the evaluation of an
RE σ over the setCϒ onS(X).

Example 14.Let σ beϒ1 + ϒ2.
From RE semantics,

[[ϒ1 + ϒ2 ]] (S(X)) = [[ϒ1 ]] (S(X))∨ [[ϒ2 ]] (S(X))

= ImgTR(S(X),ϒ1) ∨ ImgTR(S(X),ϒ2)

Example 15.Let σ be(ϒ1 + ϒ2) ◦ ϒ3.
From RE semantics,

[[ (ϒ1 + ϒ2) ◦ ϒ3 ]] (S(X)) = [[ϒ3 ]]

(
[[ (ϒ1 + ϒ2) ]] (S(X))

)

= [[ϒ3 ]]

(
[[ϒ1 ]] (S(X))∨ [[ϒ2 ]] (S(X))

)

= [[ϒ3 ]]

(
ImgTR(S(X),ϒ1)∨ ImgTR(S(X),ϒ2)

)

= ImgTR

(
ImgTR(S(X),ϒ1) ∨ ImgTR(S(X),ϒ2), ϒ3

)

All properties of REs in [31] still hold good for any RE without any occurance of the negation operator.
Reachability expressions (REs) [32] provide a framework for expressing reachability strategies for asyn-
chronous systems, but lack the (i) set negation and intersection operators (needed for expressing certain
strategies), and (ii) ability to store and refer to subresults, as in the nodes ofcurr, nextandacc. We extend
the concept of REs by introducing anegationoperator to address the former andlabels for the latter. A
label tags a set of states used either as the argument of an image operation or to store the result of an image
operation. This allows us to express and reason about significantly more complex and optimized reachabil-
ity strategies than is possible using REs. The negation operator, although crucial, however makes reasoning
about LREs more difficult than REs.
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9 A motivating example

For brevity, we will henceforth refer to the transition relation ϒ(I ,X,X′) and set of statesS(X) asϒ andS
respectively. Each step in a reachabilty analysis algorithm involves computingS′ = Img(S,ϒ) for an appro-
priately chosen set of present statesS, and updating various state sets. Designers and verification engineers
often use an intuitive boolean decomposition ofϒ to decompose a sequential machine into smaller subma-
chines, each of which can be efficiently traversed. A co-ordinated submachine traversal, henceforth called a
strategy, yields the set of reachables states.

We now illustrate how knowledge of the boolean structure ofϒ can be used to discover strategies, which
we’d like to capture naturally in our framework. Letϒ = ϒ1∨ (ϒ2∧ ϒ3). Throughout this paper, we will
use negation-free Boolean decompositions of transition relations. The structure of the decomposition ofϒ
can be conveniently represented as a tree, henceforth called a transition tree (TT), as shown in Figure 3(a).
The exact image ofS underϒ, or Img(S,ϒ) is given byλX′.∃I ,X (S∧ϒ). Using the decomposition ofϒ,
and noting that existential quantificaton distributes overdisjunction, but leads to overapproximations when
distributed over conjunction,Img(S,ϒ) is approximated from above byS′1∨ (S′2∧S′3), wherS′i = Img(S,ϒi).
The similarity with the structure of the decomposition ofϒ is not surprising, since we used the decomposition
of ϒ to compute the overapproximate image.

∨

ϒ1 ∧

ϒ2 ϒ3

(a) Transition Tree
(TT)

∨

S1 ∧

S2 S3

(b) Current State
tree (curr)

Fig. 3: Motivating example

The decomposition ofϒ therefore naturally suggests the following simple approximate reachability anal-
ysis technique. We maintain acurrent state tree (curr)(shown in Figure 3(b)), anext state tree (next)and
anaccumulated state tree (acc), each of which has the same structure as the transition treeTT, with every
internal node being associated with the same Boolean operator as the corresponding internal node inTT .
Every node incurr, nextandacc is also thought of as representing aviewof the current state set, next state
set and accumulated state set, respectively. The root of each tree gives the best view of the corresponding
state set. The view at each internal node is obtained by applying the Boolean operator associated with the
node on the views associated with its children. To begin with, we initialize the leaves ofcurr, nextandacc
in the following way. All leaves ofnextare initialized toFalse, representing the empty view of states. Ifϒi

potentially updates the values of state variables inXi ⊆ X, we initialize the corresponding leaf ofcurr and
acc with the projection of the initial set of states onXi. Every step of reachability analysis then picks an
ϒi , computes the image of the view at the root ofcurr underϒi , and updates the corresponding leaf ofnext.
Once all leaves ofnexthave been updated, each leaf ofacc is updated by accumulating (or disjuncting) the
view already represented at this leaf with the view generated at the corresponding leaf ofnext. The views at
all nodes ofaccare then copied to the corresponding nodes ofcurr, and the process repeated until the view
at the root ofaccstops changing.
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Notice that in the above algorithm, we did not use the view at any internal node ofnext, or at any non-
root node ofcurr. One may therefore ask why these nodes were needed. To understand this, we note that the
above algorithm is just one of many ways for doing reachability analysis using the given decomposition of
ϒ. As an alternative, we could have computedImg(S,ϒ) asS′1∨S′2,3, whereS′2,3 = Img(S,ϒ2∧ϒ3). Of course,
such a computation is possible only ifϒ2∧ϒ3 can be represented and operated on efficiently. Indeed, it is
often the case that for the initial few steps of reachabilityanalysis when the reachable state sets are not large,
such a computation may be practically feasible, although itbecomes infeasible in later stages of reachability
analysis. Maintaining the completenext tree allows us to update the view at non-leaf nodes in this tree (and
also inacc) by new sets of states, if non-leaf nodes in the transition tree are used to compute an image in a
step of reachability analysis. Note that once the view at a non-leaf node inacc is updated by accumulating
the corresponding view fromnew, we need not update the view at this node ofacc from the views of its
children. In fact, it can be shown that updating a view directly at noden in thenextor acc tree results in no
less accurate a view than that obtained by updating views at children ofn and then combining these views
using the Boolean operator associated withn. Furthermore, it may not always be computationally efficient
to use the viewS at the root ofcurr when computing an image, if the state variable count is large. This
is because computation of∃I ,X(S∧ϒi) may involve BDDs with very large number of variables. In such
situations, an overapproximation ofS′i = Img(S,ϒi) can be computed by using the view at an internal node
of curr if all ancestors of this node are associated with the conjunction operator. If, however, all ancestors of
the node are associated with the disjunction operator, using the view at the this node of thecurr tree gives an
underapproximation ofS′i . Thus, maintaining all nodes incurr allows the flexibility of using approximations
of the view at the root of this tree, if computational constraints forbid using the view at the root.

In addition to the above mentioned ways of using the decomposition of ϒ for reachability analysis,
we could also have different ways of iterating through the different ϒi ’s. For example, one may consider
repeatedly computing and accumulating the image of the viewat the root ofcurr underϒ1, before proceeding
to compute and accumulate the image underϒ2 or ϒ3. One may also consider applying the distributivity laws
of Boolean algebra to obtain alternative decomposition trees from a given decomposition ofϒ. Each such
decomposition gives rise to a family of reachability strategies as described above. As we will show later,
it is indeed beneficial at times to use the distributivity laws to obtain new decomposition trees. Certain
reachability analysis strategies using the new decomposition tree gives provably better approximations than
that obtained using the original decomposition tree. Thus,having a decomposition of the transition relation
opens the doors to a large number of possible reachability analysis strategies. In the subsequent section, we
present a generic framework which helps in capturing, reasoning about and implementing a large family of
such strategies.

10 Labels and Reachability Expressions

We extend the concept of REs by introducing anegationoperator to address the former andlabelsfor the
latter. A label tags a set of states used either as the argument of an image operation or to store the result of
an image operation. This allows us to express and reason about significantly more complex and optimized
reachability strategies than is possible using REs. The negation operator, although crucial, however makes
reasoning about LREs more difficult than REs. We first presentthe syntax and semantics of LREs which are
inspired from [32].

10.1 Syntax

Definition 21. Let Q be the set of all states of a sequential circuit. A State Set VectorS, of length n, is
S= (S1, . . . ,Sn), where∀i, Si ⊆Q.
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Henceforth, we will assume that all State Set Vectors are of lengthn. Given a negation-free Boolean decom-
position ofϒ in terms of{ϒ1, . . .ϒk}, let Tϒ,n = {ϒ1, . . . ,ϒk,δ,θ,1, . . . ,n}, j is a label used to refer to thejth

component ofS, andδ andθ are transition relations such thatImg(S,δ) = SandImg(S,θ) = /0. An LRE λ
overTϒ,n is a terminal string obtained from the following grammar, whereLE is the start symbol.

LE → L : (E)L

| LE + LE

| LE ◦ LE

| LE ; LE

| (LE)

| ∗LE

| ¬(LE)

E → ϒi ⇓X′ [C] | ϒi | δ | θ
C → ϒi ,C | L,C | L

L → 1 | 2 | . . . | n

wherei ranges from 1 throughk. It is worth noting the key additions made to the syntax to overcome the
limitations of REs. We have allowed for

1. Use of labels to specify the starting set of states of each image operation using the subexpressionL :
(E)L. The second occurance ofL specifies the the starting state set to be used while evaluating the
corresponding LRE.

2. Storing the result of an image computation sequence is permitted using the subexpressionL : (E)L, where
the first occurance ofL specifies the storage location of the operation, i.e. the state set which stores the
result of the evaluation of the corresponding LRE.

3. The operator⇓X′ has been added to allow themodified multiple constrainoperation which provides
computational efficiency.

4. The subexpression[C] allows to write a finite vector of labels to indicate the statesets/ϒi ’s which are
used as constraints in an image computation operation.

10.2 Semantics

Let S, P andR be State Set Vectors.

Definition 22. (i) S is defined to beR ⊔P if ∀i, Si = Ri ∪Pi.
(ii) S is defined to be¬R, if ∀i, Si = Ri.
(iii) S is said to be covered byR, denotedS� R, if ∀i, Si ⊆ Ri .

The semantics ofλ, denoted[[λ ]]B, is naturally described as a transformer of a State Set Vector into another
State Set Vector of the same length for a sequential machineB. We present an inductive definition of[[λ ]]B(S)
and omitB when it is clear from the context.

1. [[ i : (δ)k ]] (S(X)) = R(X) where∀l 6= i, Rl (X) = Sl (X) andRi(X) = Sk(X).
compute(i : (δ)k, S(X)) is clear from the definition.
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2. [[ i : (θ)k ]] (S(X)) = R(X) where∀l 6= i, Rl (X) = Sl (X) andRi(X) = 0.
compute(i : (θ)k, S(X)) is clear from the definition.

3. [[ i : (ϒj )k ]] (S(X)) = R(X) where∀l 6= i, Rl (X) = Sl (X) andRi(X) = ImgTR(Sk(X),ϒj).
compute(i : (ϒj )k, S(X)) is clear from the definition.

4. [[λ1 ◦ λ2 ]] (S(X)) = [[λ2 ]] ( [[λ1 ]] (S(X))).
compute(λ1 ◦ λ2, S(X)) is clear from the definition.

5. [[ (λ1) ]] (S(X)) = [[λ1 ]] (S(X)).
compute((λ1), S(X)) is clear from the definition.

6. [[¬λ1 ]] (S(X)) = ¬ [[λ1 ]] (S(X)).

compute(¬λ1, S(X)) is evaluated as

(a) LetR(X) = compute(λ1, S(X)).
(b) LetP(X) = ¬R(X) such that∀i, Pi(X) = ¬Ri(X).
(c) ReturnP(X).

7. Let[C] = [ϒp, . . . ,ϒq,u, . . . ,v]. Then[[ i : (ϒj ⇓M [C])k ]] (S)= R, where∀l 6= i, Rl = Sl andRi = ImgTR(1,ϒj ⇓X′

[ϒp, . . . ,ϒq,Su, . . . ,Sv,Sk]).

8. [[λ1 + λ2 ]] (S(X)) = [[λ1 ]] (S(X))⊔ [[λ2 ]] (S(X)).

compute(λ1 + λ2, S(X)) is evaluated as

(a) LetR(X) = compute(λ1, S(X)).
(b) LetP(X) = compute(λ2, S(X)).
(c) ReturnQ(X) = R(X)⊔P(X) such that∀i,Qi(X) = Ri(X)∨Pi(X).

9. [[ δ̂ ]] (S(X)) = [[1 : (δ)1 ]] (S(X)) = S(X).
compute(δ̂, S(X)) is clear from the definition. Note thatδ̂ = i : (δ)i for any i ∈ {1, . . . ,n}.

10. [[ θ̂ ]] (S(X)) = [[ ◦ n
i=1(i : (θ)1) ]] (S(X)) = R(X) where∀i, Ri(X) = 0.

compute(θ̂, S(X)) is clear from the definition.

11. Let (λ1)
0 = δ̂ and∀i ≥ 1, λi

1 = (λ1)
i−1 ◦ λ1. Then [[∗λ1 ]]B(S) = lim i→∞ [[ (δ̂ + λ1)

i ]]B(S) = [[(δ̂ +

λ1)
n.|Q| ]]B(S), whereShasn components andQ denotes the set of all states ofB.

12. [[λ1 ; λ2 ]] (S(X)) = [[(λ1 + δ̂) ◦ (λ2 + δ̂) ]] (S(X)).

compute(λ1 ; λ2, S(X)) is evaluated as

(a) LetR(X) = compute(λ1 + δ̂, S(X)).
(b) LetP(X) = compute(λ2 + δ̂, R(X)).
(c) ReturnP(X).
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We prefer the use of negation over intersection as it allows expressing strategies that intersection alone can-
not capture. For instance, use of frontier sets, or the set ofnewstates that arise from an image computation
and that have been reached earlier are used in several searchmethods like BFS for improving the efficiency
of reachability analysis. Computing a frontier set requires negating the current reachable state set and in-
tersecting this with the image of the current state set. For notational convenience, we will use the notation
λi ∧λ j to denote¬(¬λi +¬λ j).

10.3 Examples

Given an LREλ defined overTϒ,n, we present a few examples here. Assume for sake of exposition that the
State Set VectorsS, P andR are of lengthn=3.

Example 16.Let λ be 3 :(δ)2.

From the operational procedureR(X) = compute(3 : (δ)2, S(X)) described in step 1 of LRE semantics, we
get

1. R1(X) = S1(X), R2(X) = S2(X), andR3(X) = S2(X) (From definition).
2. ReturnR(X) = (S1(X),S2(X),S2(X)) (From definition).

Hence,[[3 : (δ)2 ]] (S1(X), S2(X), S3(X)) = (S1(X), S2(X), S2(X)). This shows how the labels can be used
to update or change the contents of different state set components.

Example 17.Let λ be 1 :(θ)3 ◦ 2 : (ϒ2)3.

From the operational procedureP(X) = compute(1 : (θ)3 ◦ 2 : (ϒ2)3, S(X)) described in step 4 of LRE
semantics, we get

1. R(X) = (0,S2(X),S3(X)) (From definition).
2. P(X) = (R1(X), ImgTR(R3(X),ϒ2),R3(X)) (From definition).
3. ReturnP(X) = (0, ImgTR(S3(X),ϒ2),S3(X)) (From definition).

Example 18.Let λ be¬(1 : (ϒ1)2).

From the operational procedureP(X) = compute(¬(1 : (ϒ1)2), S(X)) described in step 6 of LRE semantics,
we get

1. R(X) = compute(1 : (ϒ1)2, S(X)) (From step 6a).
(a) R2(X) = S2(X), andR3(X) = S3(X) (From definition).
(b) R1(X) = ImgTR(S2(X),ϒ1) (From definition).
(c) ReturnR(X) = (ImgTR(S2(X),ϒ1),S2(X),S3(X)) (From definition).

2. P(X) = ¬R(X) = (¬ImgTR(S2(X),ϒ1),¬S2(X),¬S3(X)) (From step 6b).
3. ReturnP(X) = (¬ImgTR(S2(X),ϒ1),¬S2(X),¬S3(X)) (From step 6c).

Example 19.Let λ be∗(1 : (ϒ1)2)

From the operational procedureP0(X) = S(X) described in step 11 of LRE semantics, we get

1. P1(X) = compute(1 : (ϒ1)2, S(X)) = (ImgTR(S2(X),ϒ1),S2(X),S3(X)) (From definition).
2. P2(X) = compute((1 : (ϒ1)2)

2, S(X)) = P1(X) (From definition).
3. ReturnP1(X)⊔P0(X) = (S1(X)∨ ImgTR(S2(X),ϒ1),S2(X),S3(X))



25

11 Classification of LREs

We want to establish certain useful properties of LREs so that we do not have to refer to their semantics
every time for evaluating an LRE over a State Set Vector. Withthe introduction of¬ and⇓X′ operator, it has
been seen that several properties which hold with the negation free fragment of REs are no longer true. But
¬ and⇓X′ are essential operators for writing realistic search schedules for large systems. Hence, we want
to investigate if there is a certain fragment of LREs which preserves some useful properties. Monotonicity
is a crucial property to possess. In this regard, we would like to be able to classify LREs based on their
monotonicity.

Definition 23. Given two State Set VectorsS(X) and R(X) of length n, we say thatS(X) ≻ R(X) if ∃i ∈
{1, . . . ,n} Si ⊃ Ri and∀l 6= i,Sl ⊇ Rl .

Definition 24. Given a transition system B= (I ,X,Q,S0,T), and an LREλ over Tϒ,n, [[λ ]]B : (2Q)n→
(2Q)n is said to be monotonically increasing if for all transitionsystems B and for allS(X) and R(X) of
length n where(S1, . . . ,Sn)� (Q, . . . ,Q) and(R1, . . . ,Rn)� (Q, . . . ,Q), if S(X)�R(X), then[[λ ]]B(S(X))�
[[λ ]]B(R(X)).

Definition 25. Given a transition system B= (I ,X,Q,S0,T), and an LREλ over Tϒ,n, [[λ ]]B : (2Q)n→
(2Q)n is said to be monotonically decreasing if for all transitionsystems B and for allS(X) and R(X) of
length n where(S1, . . . ,Sn)� (Q, . . . ,Q) and(R1, . . . ,Rn)� (Q, . . . ,Q), if S(X)�R(X), then[[λ ]]B(S(X))�
[[λ ]]B(R(X)).

Definition 26. Monotonicity Metric (m):Given a transition systemB= (I ,X,Q,S0,T), we intend to classify
an LREλ using a a monotonicity metric, denotedm(λ), wherem(λ) ∈ {0,1,2} such that

m(λ) =





0 if [[λ ]]B is monotonically increasing
1 if [[λ ]]B is monotonically decreasing
2 otherwise

We desire to capture monotonically increasing LREs with anm-value of 0. LetS(X) andR(X) be character-
istic functions of State Set Vectors such thatS(X)�R(X). Given an LREλ overTϒ,n, we inductively define
m(λ) as follows (and give justifications for use ofm(λ) = 2).

1. If λ = i : (δ) j , thenm(λ) = 0.
2. If λ = i : (θ) j , thenm(λ) = 0.
3. If λ = i : (ϒk) j , thenm(λ) = 0.
4. If λ = i : (ϒk ⇓X′ [ϒp, . . . ,ϒq,u, . . . ,v]) j , thenm(λ) = 0.
5. If λ = λ1 + λ2, then

m(λ) =





0 if m(λ1) = m(λ2) = 0
1 if m(λ1) = m(λ2) = 1
2 otherwise

Let λ = 1 : (δ)1 + ¬(2 : (ϒ2)2). We know from basis thatm(1 : (δ)1) = 0 and from basis and definition of
m thatm(¬(2 : (ϒ2)2)) = 1. Consider for ease of exposition that the lengths ofS(X) andR(X) is n = 3.
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Hence by definition of semantics,

[[λ ]] (S) = [[1 : (δ)1 ]] (S(X))⊔ [[¬(2 : (ϒ2)2) ]] (S(X))

= (S1(X),S2(X),S3(X))⊔ (¬S1(X),¬ImgTR(S2(X),ϒ2),¬S3(X))

= (1,S1(X)∨¬ImgTR(S2(X),ϒ2),1)

Also, [[λ ]] (R) = [[1 : (δ)1 ]] (R(X))⊔ [[¬(2 : (ϒ2)2) ]] (R(X))

= (R1(X),R2(X),R3(X))⊔ (¬R1(X),¬ImgTR(R2(X),ϒ2),¬R3(X))

= (1,R1(X)∨¬ImgTR(R2(X),ϒ2),1)

We see that the vectors(1,S1(X)∨¬ImgTR(S2(X),ϒ2),1) and (1,R1(X)∨¬ImgTR(R2(X),ϒ2),1) are
incomparable even thoughS(X)� R(X).

6. If λ = ¬λ1, then

m(λ) =





0 if m(λ1) = 1
1 if m(λ1) = 0
2 if m(λ1) = 2

Let λ = ¬(¬(1 : (ϒ2)2) + 3 : (δ)2).
We know from definition thatm(¬(1 : (ϒ2)2) + 3 : (δ)2) = 2. Assume for ease of exposition thatS(X)
andR(X) are of lengthn = 3. From definition of LRE semantics, we know that

[[λ ]] (S(X)) = [[¬(¬(1 : (ϒ2)2) + 3 : (δ)2) ]] (S1(X),S2(X),S3(X)))

= (¬S1(X)∧ ImgTR(S2(X),ϒ2),1,¬S2(X)∧S3(X))

Similarly,

[[λ ]] (R(X)) = (¬R1(X)∧ ImgTR(R2(X),ϒ2),1,¬R2(X)∧R3(X))

We see that[[λ ]] (S(X)) and [[λ ]] (R(X)) are incomparable even thoughS(X)� R(X).
7. If λ = λ1 ◦ λ2, then

m(λ) =





0 if m(λ1) = m(λ2) andm(λ1) 6= 2
1 if m(λ1) = 1 andm(λ2) = 0, orm(λ1) = 0 andm(λ2) = 1
2 otherwise

We consider three examples:
(a) If m(λ1) = 2 andm(λ2) = 0.

Let λ1 = ¬2 : (ϒ2)2 + 3 : (δ)2 andλ2 = 2 : (ϒ1)3. Then we know from definition of LRE semantics
that

[[λ1 ◦ λ2 ]] (S(X)) = (S1(X)∨¬ImgTR(S2(X),ϒ2), ImgTR(S2(X)∨¬S3(X),ϒ1),S2(X)∨¬S3(X))

[[λ1 ◦ λ2 ]] (R(X)) = (R1(X)∨¬ImgTR(R2(X),ϒ2), ImgTR(R2(X)∨¬R3(X),ϒ1),R2(X)∨¬R3(X))

We see that[[λ ]] (S(X)) and [[λ ]] (R(X)) are incomparable.
(b) If m(λ1) = 2 andm(λ2) = 1.

Let λ1 =¬2 : (ϒ2)2 + 3 : (δ)2 andλ2 =¬2 : (ϒ1)3. Then we know from definition of LRE semantics
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that

[[λ1 ◦ λ2 ]] (S(X)) = (¬(S1(X)∨¬ImgTR(S2(X),ϒ2)),¬(Img(S1(X)∨¬ImgTR(S2(X),ϒ2),ϒ1)),

¬(S2(X)∨¬S3(X)))

[[λ1 ◦ λ2 ]] (R(X)) = (¬(R1(X)∨¬ImgTR(R2(X),ϒ2)),¬(Img(R1(X)∨¬ImgTR(R2(X),ϒ2),ϒ1)),

¬(R2(X)∨¬R3(X)))

We see that[[λ ]] (S(X)) and [[λ ]] (R(X)) are incomparable.
(c) If m(λ1) = 2 andm(λ2) = 2. Consider the sameλ1 as earlier, and

let λ2 = 2 : (ϒ1)3 + ¬2 : (δ)1. It can be shown that[[λ ]] (S(X)) and [[λ ]] (R(X)) are incomparable.

8. If λ = (λ1), thenm(λ) = m(λ1) is obvious from the definition of LRE semantics.

9. If λ = λ1 ; λ2, thenm(λ) = m

(
(λ1 + 1 : (δ)1) ◦ (λ2 + 1 : (δ)1)

)
.

10. If λ = ∗λ1, then

m(λ) =

{
0 if m(λ1) = 0
2 otherwise

If m(λ1) 6= 0, then by definitionm(∗λ1) = m(1 : (δ)1) + m(λ1) + m(λ2
1) + . . .. It follows from the

definition ofm thatm(∗λ1) = 2.

Lemma 10. Let λ be an LRE overTϒ,n. Then,

1. If m(λ) = 0, then[[λ ]] is monotonically increasing.
2. If m(λ) = 1, then[[λ ]] is monotonically decreasing.

Proof. 1. LetS(X) andR(X) be State Set Vectors of lengthn such thatS(X)�R(X). We show by induction
on the structure ofλ that [[λ ]] (S(X))� [[λ ]] (R(X)) whenm(λ) = 0.
Basis:

(a) If λ = i : (δ) j .

[[ i : (δ) j ]] (S(X)) = (S1(X), . . . ,Si−1(X),Sj(X), . . . ,Sn(X)) From LRE semantics

� [[ i : (δ) j ]] (R(X)) From LRE semantics andS(X)� R(X)

(b) If λ = δ̂.
We know from definition that̂δ = 1 : (δ)1. Hence from case 1a,[[ δ̂ ]] is also monotonically increas-
ing.

(c) If λ = i : (θ) j .

[[ i : (θ) j ]] (S(X)) = (S1(X), . . . ,Si−1(X),0, . . . ,Sn(X)) From LRE semantics

� [[ i : (θ) j ]] (R(X)) From LRE semantics andS(X)� R(X)
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(d) If λ = i : (ϒj )k.
We know from definition that

[[ i : (ϒj)k ]] (S(X)) = P(X)

such that∀l 6= i,Pl (X) = Sl(X)

andPi(X) = ImgTR(Sk(X),ϒj)

Similarly, [[ i : (ϒj )k ]] (R(X)) = H(X)

such that∀l 6= i,Hl (X) = Rl (X)

andHi(X) = ImgTR(Rk(X),ϒj)

Also,

∀l 6= i, Pl (X) = Sl (X)→ Rl (X) = Hl (X) SinceS(X)� R(X)

and,Pi(X) = ImgTR(Sk(X),ϒj)→ ImgTR(Rk(X),ϒj) = Hi(X)

SinceImgTR is monotonically increasing andSk(X)→ Rk(X)

Hence proved.
(e) If λ = i : (ϒj ⇓X′ [C])k.

Let [C] = [ϒp, . . . ,ϒq,u, . . . ,v] be a vector. We know from definition that

[[ i : (ϒj ⇓X′ [C])k ]] (S(X)) = P(X)

such that∀l 6= i, Pl (X) = Sl (X)

andPi(X) = ImgTR(Sk(X)∧Su(X)∧ . . .∧Sv(X),ϒj ∧ϒp∧ . . .ϒq)

Similarly, [[ i : (ϒj ⇓X′ [C])k ]] (R(X)) = H(X)

such that∀l 6= i, Hl (X) = Rl (X)

and,Hi(X) = ImgTR(Rk(X)∧Ru(X)∧ . . .∧Rv(X),ϒj ∧ϒp∧ . . .ϒq)

Also,

∀l 6= i, Pl (X) = Sl (X)→ Rl (X) = Hl (X) sinceS(X)� R(X)

and,(Sk(X)∧Su(X)∧ . . .∧Sv(X))→ (Rk(X)∧Ru(X)∧ . . .∧Rv(X))

SinceS(X)� R(X) &

∧ is a monotonicity preserving operator

HencePi(X) = ImgTR(Sk(X)∧ . . .∧Srp(X),ϒj ∧ϒp∧ . . .ϒq)→ ImgTR(Rk(X)∧ . . .∧Rrp(X),ϒj ∧ϒp∧ . . .ϒq) = Bi(X)

SinceImgTR is monotonically increasing

Hence proved.
Hypothesis: Let λ1 andλ2 be LREs overTϒ,n such that ifm(λ1) = 0, then [[λ1 ]] is monotonically in-
creasing and ifm(λ1) = 0, then[[λ2 ]] is monotonically increasing.

Induction Step: We consider the set representation of the State Set VectorsSandR both of lengthn for
the remaining part of this proof. We consider the following cases:
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(a) Letλ beλ1 + λ2.
[[λ ]] is monotonically increasing follows from definition of LRE semantics, monotonicity of set
union and induction hypothesis.

(b) Let λ beλ1 ◦ λ2.
We know by induction hypothesis that[[λ1 ]] (S) � [[λ1 ]] (R). Also from induction hypothesis we
know that

[[λ2 ]] ( [[λ1 ]] (S)) � [[λ2 ]] ( [[λ1 ]] (R))

Or [[λ1 ◦ λ2 ]] (S) � [[λ1 ◦ λ2 ]] (R) from LRE semantics

Hence[[λ ]] is monotonically increasing.

(c) Let λ beθ̂.
We know from definition that̂θ = ◦ i=n

i=1 (i : (θ)i). Proof follows from above and case 1c of basis.

(d) Let λ beλ1 ; λ2.
We know from LRE semantics that[[λ1 ; λ2 ]] (S) = [[(λ1 + δ̂) ◦ (λ2 + δ̂) ]] (S). [[λ ]] is monotoni-
cally increasing follows from the induction hypothesis andinduction steps 1a and 1b proved above.

(e) Letλ be(λ1).
[[ (λ1) ]] is monotonically increasing follows from the definition of[[ (λ1) ]] (S) and induction hy-
pothesis.

(f) Let λ be∗λ1.
We show by induction oni that then[[ (λ1)

i ]] is also monotonically increasing for alli ≥ 0.

– Basis: If i = 0, [[λ0
1 ]] (S) = [[ δ̂ ]] (S) by definition. Hence,[[λ0

1 ]] is monotonically increasing.
– Hypothesis: Assume that[[λk

1 ]] is monotonically increasing for alli such that 0≤ k≤ i.
– Induction Step: We know by definition thatλi+1

1 = λi
1 ◦ λ1. Also both [[λ1 ]] and [[λi

1 ]] are
monotonically increasing from induction hypothesis and thatλi

1 ◦ λ1 is monotonically increas-
ing from case 1b. This proves that[[λi+1

1 ]] is monotonically increasing for alli ≥ 0.

From definition of LRE semantics we know that

[[∗λ1 ]] (S) =

n·|Q|
G

i=0

[[ (δ̂ + λ1)
i ]] (S) and,

[[∗λ1 ]] (R) =

n·|Q|
G

i=0

[[ (δ̂ + λ1)
i ]] (R)

So, if for any j, s∈ ( [[∗λ1 ]] (S)) j , then there exists an integerk (≥ 0) such thats∈ ( [[ (δ̂ + λ1)
k ]] (S)) j .

Since(λ1)
i is monotonically increasing∀i ≥ 0, we have[[ (δ̂ + λ1)

k ]] (S)� [[ (δ̂ + λ1)
k ]] (R). Hence,

s∈ ( [[ (δ̂ + λ1)
k ]] (R)) j as well. Hence,[[∗λ1 ]] (S)� [[∗λ1 ]] (R).

Hence proved.
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2. LetS(X) andR(X) be State Set Vectors of lengthn such thatS(X) � R(X). We prove by induction on
the structure ofλ that if m(λ) = 1, then[[λ ]] is monotonically decreasing.

Basis: If λ = ¬λ1, then sincem(λ) = 1, it follows from definition ofm thatm(λ1) = 0. Hence it follows
from case 1 proved above that[[λ1 ]] is monotonically increasing.

[[λ1 ]] (S(X)) � [[λ1 ]] (R(X)) SinceS(X)� R(X)

Also,¬ [[λ1 ]] (S(X)) � ¬ [[λ1 ]] (R(X))

Hence,[[¬λ1 ]] (S(X)) � [[¬λ1 ]] (R(X)) From LRE semantics

Hence proved.

Hypothesis: Assume that ifm(λ1) = 1, thenλ1 is monotonically decreasing and ifm(λ2) = 1, thenλ2

is monotonically decreasing.

Induction step: There are 2 cases to be considered

(a) If λ = (λ1). We know from induction hypothesis that

[[λ1 ]] (S(X)) � [[λ1 ]] (R(X))

Hence,[[λ ]] (S(X)) � [[λ ]] (R(X)) Follows from LRE semantics ofλ

Hence proved.

(b) If λ = λ1 + λ2. Then,

[[λ1 + λ2 ]] (S(X)) = [[λ1 ]] (S(X))⊔ [[λ2 ]] (S(X)) from definition

� [[λ1 ]] (R(X))⊔ [[λ2 ]] (R(X)) From induction hypothesis and monotonicity of⊔

= [[λ1 + λ2 ]] (R(X))

Hence proved.

LREs can be classified depending on the monotonicity metricm as follows.

1. Subclass 0 which includes only those LREs (λ) over Tϒ,n such thatm(λ) = 0. This is referred to as
Restricted LREs (RLREs) in the paper.

2. Subclass 1 which includes only those LREs (λ) overTϒ,n such thatm(λ) = 1.

3. Subclass 2 which includes only those LREs (λ) overTϒ,n such thatm(λ) = 2.

Given a transition system which can be expressed as a disjunction of k transition relations, and a setTϒ,nwe
useLEi , for i ∈ {0,1,2} to represent LREs with monotonicity metrici. Then anLRE overTϒ,n is a terminal
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string obtained from the following grammar (G ′) usingLE as the start symbol.

LE′ → LE0 | LE1 | LE2

LE0 → L : (E)L

| LE0 + LE0

| LE0 ◦ LE0 | LE1 ◦ LE1

| LE0 ; LE0

| ∗LE0

| (LE0)

| ¬(LE1)

LE1 → ¬LE0

| LE1 + LE1

| LE1 ◦ LE0 | LE0 ◦ LE1

| (LE1)

LE2 → ¬LE2

| LE0 + LE2 | LE1 + LE2 | LE2 + LE2

| LE2 + LE0 | LE2 + LE1 | LE1 + LE0 | LE0 + LE1

| LE0 ◦ LE2 | LE2 ◦ LE0 | LE2 ◦ LE1

| LE1 ◦ LE2 | LE2 ◦ LE2

| LE0 ; LE1 | LE1 ; LE0 | LE0 ; LE2 | LE2 ; LE0

| LE1 ; LE2 | LE2 ; LE1 | LE1 ; LE1 | LE2 ; LE2

| ∗LE1 | ∗LE2

| (LE2)

E → ϒi ⇓X′ [C] | ϒi | δ | θ

C → ϒi ,C | L,C | L

L → 1 | 2 | . . . | n

Lemma 11. For any LREλ overTϒ,n generated from the grammarG , m(λ) = i ∈ {0,1,2} iff λ is generated
from the grammarG ′ with LEi as the start symbol.

Proof. We prove by induction on the structure ofλ.
Basis: We consider three cases, one for each value ofm(λ):

1. We provem(λ) = 0 iff λ is generated from the grammarG ′ with LE0 as the start symbol.
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(a) If λ = i : (δ) j , then from the grammarG ′ we know thatλ can only be generated using the production
ruleLE0→ i : (δ) j with LE0 as the start symbol. Also, using the production ruleLE0→ i : (δ) j gives
m(i : (δ) j ) = 0 from definition ofm.

(b) If λ = i : (θ) j , then from the grammarG ′ we know thatλ can only be generated using the production
ruleLE0→ i : (θ) j with LE0 as the start symbol. Also, using the production ruleLE0→ i : (θ) j gives
m(i : (θ) j ) = 0 from definition ofm.

(c) If λ = i : (ϒk) j , then from the grammarG ′ we know thatλ can only be generated using the production
rule LE0→ i : (ϒk) j with LE0 as the start symbol. Also, using the production ruleLE0→ i : (ϒk) j

givesm(i : (ϒk) j) = 0 from definition ofm.
(d) If λ = i : (ϒk ⇓X′ [C]) j , then from the grammarG ′ we know thatλ can only be generated using the

production ruleLE0→ i : (ϒk ⇓X′ [C]) j with LE0 as the start symbol. Also, using the production rule
LE0→ i : (ϒk ⇓X′ [C]) j givesm(i : (ϒk ⇓X′ [C]) j) = 0 from definition ofm.

2. We provem(λ) = 1 iff λ is generated from the grammarG ′ with LE1 as the start symbol. No base cases
(expressions derived usingE as the start symbol) have anm - value = 1. Also, from the grammarG ′ no
base cases can be generated usingLE1 as the start symbol. Hence this holds trivially.

3. We provem(λ) = 2 iff λ is generated from the grammarG ′ with LE2 as the start symbol. No base cases
(expressions derived usingE as the start symbol) have anm - value = 2. Also, from the grammarG ′ no
base cases can be generated usingLE2 as the start symbol. Hence this holds trivially.

Induction Hypothesis: Let λ1 and λ2 be two LREs overTϒ,n generated from the grammarG such that
m(λ1) = i iff λ1 is generated from the grammarG ′ with LEi as the start symbol andm(λ2) = j iff λ2 is
generated from the grammarG ′ with LE j as the start symbol.

Induction Step: We consider the following cases:

1. If λ = λ1 + λ2. We again consider three cases:
(a) If m(λ) = 0, then from definition ofm, we know thatm(λ1) = m(λ2) = 0. We also know from

induction hypothesis that bothλ1 andλ2 are derived using the start symbolLE0. Also the production
ruleLE0→ LE0 + LE0 generatesλ.
If λ is generated from the grammarG ′ using the start symbolLE0, the only way to deriveλ is to use
the production ruleLE0→ LE0 + LE0. From induction hypothesis and definition ofm, it follows
thatm(λ) = 0.

(b) If m(λ) = 1, then from definition ofm, we know thatm(λ1) = m(λ2) = 1. We also know from
induction hypothesis that bothλ1 andλ2 are derived using the start symbolLE1. Also the production
ruleLE1→ LE1 + LE1 generatesλ.
If λ is generated from the grammarG ′ using the start symbolLE1, the only way to deriveλ is to use
the production ruleLE1→ LE1 + LE1. From induction hypothesis and definition ofm, it follows
thatm(λ) = 1.

(c) If m(λ) = 2, then from definition ofm, we know that eitherm(λ1) 6= m(λ2) or atleast one ofλ1 or
λ2 has anmvalue of 2. We also know from induction hypothesis that for any j ∈ {0,1,2}, m(λ j) = i
iff λ j is derived from the grammarG ′ with LEi as the start symbol.

i. If m(λ1) = 1 andm(λ2) = 0. Then, from induction hypothesis, we know thatλ1 is derived from
the grammarG ′ usingLE1 as the start symbol andλ2 is derived from the grammarG ′ usingLE0

as the start symbol. Then, the only way to deriveλ from G ′ is by using the start symbolLE2

and then the production ruleLE2→ LE1 + LE0.
ii. If m(λ1) = 0 andm(λ2) = 1. Then, from induction hypothesis, we know thatλ1 is derived from

the grammarG ′ usingLE0 as the start symbol andλ2 is derived from the grammarG ′ usingLE1
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as the start symbol. Then, the only way to deriveλ from G ′ is by using the start symbolLE2

and then the production ruleLE2→ LE0 + LE1.
iii. We consider three cases:

A. If m(λ1) = 2 andm(λ2) 6= 2, then we know from induction hypothesis, thatλ1 is derived
from the grammarG ′ usingLE2 as the start symbol andλ2 is derived from the grammar
G ′ usingLE0 as the start symbol ifm(λ2) = 0, else it was derived usingLE1 as the start
symbol. Then, the only way to deriveλ fromG ′ is by using the start symbolLE2 and then
the production ruleLE2→ LE2 + LE0 or the ruleLE2→ LE2 + LE1 as the case maybe.

B. If m(λ1) 6= 2 andm(λ2) = 2, then we know from induction hypothesis, thatλ2 is derived
from the grammarG ′ usingLE2 as the start symbol andλ1 is derived from the grammar
G ′ usingLE0 as the start symbol ifm(λ1) = 0, else it was derived usingLE1 as the start
symbol. Then, the only way to deriveλ fromG ′ is by using the start symbolLE2 and then
the production ruleLE2→ LE0 + LE2 or the ruleLE2→ LE1 + LE2 as the case maybe.

C. If m(λ1) = m(λ2) = 2, then we know from induction hypothesis, that bothλ1 andλ2 are
derived from the grammarG ′ usingLE2 as the start symbol The only way to deriveλ from
G ′ is by using the start symbolLE2 and then the production ruleLE2→ LE2 + LE2.

If λ is generated fromG ′ usingLE2 as the start symbol, then it can be derived using one of the seven
following production rules:

i. LE2→ LE0 + LE2

ii. LE2→ LE2 + LE0

iii. LE2→ LE2 + LE2

iv. LE2→ LE1 + LE2

v. LE2→ LE2 + LE1

vi. LE2→ LE0 + LE1

vii. LE2→ LE1 + LE0
In each of the cases mentioned, it follows from the inductionhypothesis and definition ofm that
m(λ) = 2.

2. If λ = ¬(λ1). We again consider three cases:
(a) If m(λ) = 0, then from definition ofm, we know thatm(λ1) = 1. We also know from induction

hypothesis thatλ1 is derived from the start symbolLE1. Hence the production ruleLE0→ ¬LE1

generatesλ. If λ is generated from the grammarG ′ using the start symbolLE0, then from the
grammar the only way to deriveλ is by the production ruleLE0→¬LE1. From induction hypothesis
and definition ofm, it follows thatm(λ) = 0.

(b) If m(λ) = 1, then from definition ofm, we know thatm(λ1) = 0. We also know from induction
hypothesis thatλ1 is derived from the start symbolLE0, and the production ruleLE1→¬LE0 gen-
eratesλ. If λ is generated from the grammarG ′ using the start symbolLE1, then from the grammar
the only way to deriveλ is by the production ruleLE1→ ¬LE0. From induction hypothesis and
definition ofm, it follows thatm(λ) = 1.

(c) If m(λ) = 2, then from definition ofm, we know thatm(λ1) = 2. We also know from induction
hypothesis thatλ1 is derived from the start symbolLE2, and the production ruleLE2→¬LE2 gen-
eratesλ. If λ is generated from the grammarG ′ using the start symbolLE2, then from the grammar
the only way to deriveλ is by the production ruleLE2→ ¬LE2. From induction hypothesis and
definition ofm, it follows thatm(λ) = 2.

3. If λ = ∗λ1. We consider two cases:
(a) If m(λ) = 0, then from definition ofm, we know thatm(λ1) = 0. We also know from induction

hypothesis thatλ1 is derived from the start symbolLE0, and the production ruleLE0→ ∗LE0 gen-
eratesλ. If λ is generated from the grammarG ′ using the start symbolLE0, then from the grammar



34

the only way to deriveλ is by the production ruleLE0→ ∗LE0. From induction hypothesis and
definition ofm, it follows thatm(λ) = 0.

(b) If m(λ) = 2, then from definition ofm, we know thatm(λ1) 6= 0. Supposem(λ1) = 1, then we also
know from induction hypothesisλ1 is derived from the start symbolLE1, and and the production
rule LE2→ ∗LE1 generatesλ. If λ is generated from the grammarG ′ using the start symbolLE2,
then from the grammar the only way to deriveλ is by the production ruleLE2→∗LE1. From induc-
tion hypothesis and definition ofm, it follows thatm(λ) = 2.
Supposem(λ1) = 2, then we also know from induction hypothesisλ1 is derived from the start sym-
bol LE2, and and the production ruleLE2→ ∗LE2 generatesλ. If λ is generated from the grammar
G ′ using the start symbolLE2, then from the grammar the only way to deriveλ is by the production
ruleLE2→∗LE2. From induction hypothesis and definition ofm it follows thatm(λ) = 2.

4. If λ = (λ1). We consider three cases:
(a) If m(λ) = 1, then from definition ofm, we know thatm(λ1) = 1. We also know from induction

hypothesis thatλ1 is derived from the start symbolLE1, and the production ruleLE1 → (LE1)
generatesλ. If λ is generated from the grammarG ′ using the start symbolLE1, then from the
grammar the only way to deriveλ is by the production ruleLE1→ (LE1). From induction hypothesis
and defintion ofm, it follows thatm(λ) = 1.

(b) If m(λ) = 0, then from definition ofm, we know thatm(λ1) = 0. We also know from induction
hypothesis thatλ1 is derived from the start symbolLE0, and the production ruleLE0 → (LE0)
generatesλ. If λ is generated from the grammarG ′ using the start symbolLE0, then from the
grammar the only way to deriveλ is by the production ruleLE0→ (LE0). From induction hypothesis
and definition ofm, it follows thatm(λ) = 0.

(c) If m(λ) = 2, then from definition ofm, we know thatm(λ1) = 2. We also know from induction
hypothesis thatλ1 is derived from the start symbolLE2, and the production ruleLE2 → (LE2)
generatedλ. If λ is generated from the grammarG ′ using the start symbolLE2, then from the
grammar the only way to deriveλ is by the production ruleLE2→ (LE2). From induction hypothesis
and definition ofm, it follows thatm(λ) = 2.

5. If λ = λ1 ◦ λ2. We consider three cases:
(a) If m(λ) = 0, then by definition ofm, we know thatm(λ1) = m(λ2) andm(λ1) 6= 2. If m(λ1) =

m(λ2) = 0, then from induction hypothesis, bothλ1 andλ2 are derived usingLE0 as the start symbol
from grammarG ′. The only way to deriveλ fromG ′ is by the production ruleLE0→ LE0 ◦ LE0.
If m(λ1) = m(λ2) = 1, then from induction hypothesis, bothλ1 andλ2 are derived usingLE1 as
the start symbol from grammarG ′. The only way to deriveλ from G ′ is by the production rule
LE0→ LE1 ◦ LE1.
If λ is generated from grammarG ′ usingLE0 as the start symbol, then there are two possible pro-
duction rules to be used: eitherLE0→ LE0 ◦ LE0 or LE0→ LE1 ◦ LE1. From induction hypothesis
and definition ofm, it follows thatm(λ) = 0.

(b) If m(λ) = 1, then by definition ofm, we know that either of the following cases hold true:
i. m(λ1) = 0 andm(λ2) = 1. Then it follows from induction hypothesis thatλ1 was derived using

LE0 as the start symbol andλ2 was derived usingLE1 as the start symbol. The only way to
deriveλ fromG ′ is by the production ruleLE1→ LE0 ◦ LE1.

ii. m(λ1) = 1 andm(λ2) = 0. Then it follows from induction hypothesis thatλ1 was derived using
LE1 as the start symbol andλ2 was derived usingLE0 as the start symbol. The only way to
deriveλ fromG ′ is by the production ruleLE1→ LE1 ◦ LE0.

If λ is generated from grammarG ′ usingLE1 as the start symbol, then there are two possible pro-
duction rules to be used: eitherLE1→ LE0 ◦ LE1 or LE1→ LE1 ◦ LE0. From induction hypothesis
and definition ofm, it follows thatm(λ) = 1.
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(c) If m(λ) = 2, then by definition ofm, atleast one ofλ1 andλ2 must have anm - value of 2. We
consider the following cases:

i. If m(λ1) = m(λ2) = 2. It follows from induction hypothesis that bothλ1 and λ2 have been
derived usingLE2 as the start symbol. Then, the only way to deriveλ is by the production rule
LE2→ LE2 ◦ LE2.

ii. If m(λ1) = 2 andm(λ2) = 0. It follows from induction hypothesis thatλ1 has been derived using
LE2 as the start symbol andλ2 has been derived usingLE0 as the start symbol. Then, the only
way to deriveλ is by the production ruleLE2→ LE2 ◦ LE0.

iii. If m(λ1) = 0 andm(λ2) = 2. It follows from induction hypothesis thatλ1 has been derived using
LE0 as the start symbol andλ2 has been derived usingLE2 as the start symbol. Then, the only
way to deriveλ is by the production ruleLE2→ LE0 ◦ LE2.

iv. If m(λ1) = 2 andm(λ2) = 1. It follows from induction hypothesis thatλ1 has been derived using
LE2 as the start symbol andλ2 has been derived usingLE1 as the start symbol. Then, the only
way to deriveλ is by the production ruleLE2→ LE2 ◦ LE1.

v. If m(λ1) = 1 andm(λ2) = 2. It follows from induction hypothesis thatλ1 has been derived using
LE1 as the start symbol andλ2 has been derived usingLE2 as the start symbol. Then, the only
way to deriveλ is by the production ruleLE2→ LE1 ◦ LE2.

If λ is generated from grammarG ′ usingLE2 as the start symbol, then it is derived using one of the
five following production rules:

i. LE2→ LE2 ◦ LE2.
ii. LE2→ LE2 ◦ LE0.
iii. LE2→ LE0 ◦ LE2.
iv. LE2→ LE2 ◦ LE1.
v. LE2→ LE1 ◦ LE2.

In each of the cases mentioned, it follows from the inductionhypothesis and definition ofm that
m(λ) = 2.

6. If λ = λ1 ; λ2. The proof follows from the proofs of◦ and+ operators.

Hence proved.

Corollary 1. Every LREλ overTϒ,n which can be generated from the grammarG can also be generated
from the grammarG ′ and every LREλ′ overTϒ,n which can be generated from the grammarG ′ can also be
generated from the grammarG .

Proof. 1. If λ can be generated from the grammarG , then by definitionm(λ) ∈ {0,1,2} and always gets a
unique value. Hence it can also be generated from the grammarG ′ usingLEm(λ) as the start symbol as
shown in Lemma 11.

2. If λ′ is generated from the grammarG ′, then using the production ruleLE′→ LE0 | LE1 | LE2, λ′ can
be generated from either of these as the start symbol. Again using Lemma 11,λ′ can also be generated
from the grammarG .
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12 Examples

Example 20.Consider the STD of a transition systemB = (I ,X,Q,S3,T) shown in Figure 20. Letλ be an
LRE overTϒ,n such that

λ = λ1 + λ2

λ1 = ¬

(
¬(1 : (ϒ1)1) + ¬(1 : (ϒ1)2)

)
◦ (2 : (θ)2)

λ2 = ¬

(
¬(2 : (ϒ2)2) + ¬(2 : (ϒ2)1)

)
◦ (1 : (θ)1)

Assume for ease of exposition thatn= 2. We illustrate through this example that[[∗λ ]] (S1,S2)� [[∗λ ]] (S1,S2).
With the use of∗λ, we get a smaller state space as reachable.
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Fig. 4: STD for Example 20

Example 21.Let λ∈SC2 be an LRE overTϒ,n. Suppose we want to encode that only the frontier set of states
(i.e. the new set of states seen uptil now) is being used in some computation. LetTo indicate the image of
the current set of states andReachedbe the current set ofseenstates. To encodeTo∧Reachedusing the
grammarG ′, we would useλ = ¬(λ1 + λ2), where

λ1 = ¬(1 : (ϒ1)1)

λ2 = 1 : (δ)1

Assumptions thatS1 stores the setReachedbefore the evaluation ofλ on S. Also need to mention that
the length of the State Set Vectors is kept small for ease of exposition. Explain also why this cannot be
written using any other production rule. Also mention that we have not yet tried out such encodings in our
experiments, but this would be a crucial step in encoding reachability algorithms.

Example 22.Let λ∈SC0 be an LRE overTϒ,n. An useful LRE using the production ruleLE0→¬LE1 would
beλ = ¬(¬(1 : (δ)1) + ¬(1 : (δ)2)). [[λ ]] (S1(X),S2(X)) = (S1(X)∧S2(X),S2(X)).
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Example 23.Let λ ∈ SC0 be an LRE overTϒ,n. An useful LRE using the production ruleLE0→ LE1 ◦ LE1

would be

λ = λ1 ◦ λ2 where

λ1 = ¬1 : (δ)1 + ¬1 : (δ)2 + ¬3 : (δ)3 + ¬3 : (δ)4

λ2 = ¬1 : (δ)1 + ¬1 : (δ)3

[[λ1 ◦ λ2 ]] (S1(X),S2(X),S3(X),S4(X))= ((S1(X)∧S2(X))∨(S3(X)∧S4(X)),S2(X),S3(X)∧S4(X),S4(X)).

13 Properties of LREs

We also prove some other properties. LetS(X) be a State Set Vector of lengthn.

Property 1. λ + λ = λ

Proof. We know that

[[λ + λ ]] (S(X)) = [[λ ]] (S(X))⊔ [[λ ]] (S(X)) (From LRE semantics)

= [[λ ]] (S(X)) (From definition of⊔)

Henceλ + λ = λ. In other words,+ is an idempotent operator.

Property 2. λ1 + λ2 = λ2 + λ1

Proof. We know that

[[λ1 + λ2 ]] (S(X)) = [[λ1 ]] (S(X))⊔ [[λ2 ]] (S(X)) (From LRE semantics)

= [[λ2 ]] (S(X))⊔ [[λ1 ]] (S(X)) (From commutativity of⊔)

Henceλ1 + λ2 = λ2 + λ1. In other words the operator+ is commutative.

Property 3. λ + θ̂ = λ

Proof. We know that

[[λ + θ̂ ]] (S(X)) = [[λ ]] (S(X))⊔ [[ θ̂ ]] (S(X)) (From LRE semantics)

= [[λ ]] (S(X))⊔ (0, . . . ,0) (From LRE semantics)

= [[λ ]] (S(X))

Henceλ + θ̂ = λ. In other words,̂θ is theadditive identityLRE.

Property 4. λ1 + (λ2 + λ3) = (λ1 + λ2) + λ3

Proof. We know that

[[λ1 + (λ2 + λ3) ]] (S(X)) = [[λ1 ]] (S(X))⊔ [[ (λ2 + λ3) ]] (S(X)) (From LRE semantics)

= [[λ1 ]] (S(X))⊔ [[λ2 ]] (S(X))⊔ [[λ3 ]] (S(X)) (From LRE semantics)

= [[λ1 + λ2 ]] (S(X))⊔ [[λ3 ]] (S(X)) (From associativity of⊔)

= [[(λ1 + λ2) + λ3 ]] (S(X))

Henceλ1 + (λ2 + λ3) = (λ1 + λ2) + λ3. In other words, the operator+ is associative.
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Property 5. λ ◦ δ̂ = δ̂ ◦ λ = λ

Proof. We know that

[[λ + δ̂ ]] (S(X)) = [[ δ̂ ]] ( [[λ ]] (S(X)) (From LRE semantics)

= [[λ ]] (S(X)) (From LRE semantics)

Also, [[ δ̂ ◦ λ ]] (S(X)) = [[λ ]] ( [[ δ̂ ]] (S(X))) (From LRE semantics)

= [[λ ]] (S(X)) (From LRE semantics)

Henceλ ◦ δ̂ = δ̂ ◦ λ = λ. In other words,̂δ is themultiplicative identityLRE.

Property 6. λ ◦ θ̂ = θ̂ ◦ λ = θ̂

Proof. We know that

[[λ ◦ θ̂ ]] (S(X)) = [[ θ̂ ]] ( [[λ ]] (S(X))) (From LRE semantics)

= (0, . . . ,0) (From LRE semantics)

= [[ θ̂ ]] (S(X)) (From LRE semantics)

Also, [[ θ̂ ◦ λ ]] (S(X)) = [[λ ]] ( [[ θ̂ ]] (S(X))) (From LRE semantics)

= [[λ ]] (0, . . . ,0) (From LRE semantics)

= (0, . . . ,0)

= [[ θ̂ ]] (S(X)) (From LRE semantics)

Henceλ ◦ θ̂ = θ̂ ◦ λ = θ̂.

Property 7. λ1 ◦ (λ2 ◦ λ3) = (λ1 ◦ λ2) ◦ λ3

Proof. We know that

[[λ1 ◦ (λ2 ◦ λ3) ]] (S(X)) = [[(λ2 ◦ λ3) ]] ( [[λ1 ]] (S(X))) (From LRE semantics)

= [[λ3 ]] ( [[λ2 ]] ( [[λ1 ]] (S(X)))) (From LRE semantics)

Also, [[ (λ1 ◦ λ2) ◦ λ3 ]] (S(X)) = [[λ3 ]] ( [[ (λ1 ◦ λ2) ]] (S(X))) (From LRE semantics)

= [[λ3 ]] ( [[λ2 ]] ( [[λ3 ]] (S(X)))) (From LRE semantics)

Henceλ1 ◦ (λ2 ◦ λ3) = (λ1 ◦ λ2) ◦ λ3. In other words, the operator◦ is associative.

Property 8. λ1 ◦ (λ2 + λ3) = (λ1 ◦ λ2) + (λ1 ◦ λ3)

Proof. We know that

[[λ1 ◦ (λ2 + λ3) ]] (S(X)) = [[λ2 + λ3 ]] ( [[λ1 ]] (S(X))) (From LRE semantics)

= [[λ2 ]] ( [[λ1 ]] (S(X)))⊔ [[λ3 ]] ( [[λ1 ]] (S(X))) (From LRE semantics)

= [[λ1 ◦ λ2 ]] (S(X))⊔ [[λ1 ◦ λ3 ]] (S(X)) From LRE semantics

= [[(λ1 ◦ λ2) + (λ1 ◦ λ3) ]] (S(X)) (From LRE semantics)
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Henceλ1 ◦ (λ2 + λ3) = (λ1 ◦ λ2) + (λ1 ◦ λ3). In other words, the operator◦ distributes over+ on the
left.

Property 9. δ̂ + λ1 ; λ2 = λ1 ; λ2.

Proof. We know from definition of LRE semantics that

λ1 ; λ2 = (λ1 + δ̂) ◦ (λ2 + δ̂)

Hence,̂δ + λ1 ; λ2 = δ̂ + ((λ1 + δ̂) ◦ (λ2 + δ̂))

= δ̂ + (λ1 + δ̂) ◦ λ2 + λ1 + δ̂ From Property 8

= (λ1 + δ̂) ◦ λ2 + λ1 + δ̂ + δ̂ From Property 2

= (λ1 + δ̂) ◦ λ2 + λ1 + δ̂ From Property 1

= λ1 ; λ2 From LRE semantics

Property 10.λ1 ; (λ2 ; λ3) = (λ1 ; λ2) ; λ3

Proof.

λ1 ; (λ2 ; λ3) = (λ1 + δ̂) ◦ ((λ2 ; λ3) + δ̂) From LRE semantics

= (λ1 + δ̂) ◦ (λ2 ; λ2) From Property 9

= (λ1 + δ̂) ◦ ((λ2 + δ̂) ◦ (λ3 + δ̂)) From LRE semantics

= ((λ1 + δ̂) ◦ (λ2 + δ̂)) ◦ (λ3 + δ̂) From Property 7

= (λ1 ; λ2) ; λ3

Hence proved. In other words, the operator ; is associative.

Property 11. θ̂ ; λ = λ ; θ̂ = λ + δ̂

Proof.

[[ θ̂ ; λ ]] (S(X)) = [[(θ̂ + δ̂) ◦ (λ + δ̂) ]] (S(X)) From LRE semantics

= [[ δ̂ ◦ (λ + δ̂) ]] (S(X)) From Property 3

= [[λ + δ̂ ]] (S(X)) From Property 5

Also, [[λ ; θ̂ ]] (S(X)) = [[(λ + δ̂) ◦ (θ̂ + δ̂) ]] (S(X)) From LRE semantics

= [[(λ + δ̂) ◦ δ̂ ]] (S(X)) From Property 3

= [[λ + δ̂ ]] (S(X)) From Property 5

Hence proved.

Definition 27. Write set of an LRE:The Write set of an LREλ overTϒ,n, denotedW(λ) gives the set of
labels corresponding to the components of the State Set Vector Sof lengthn which are potentially updated
while evaluatingλ onS.
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Given an LREλ overTϒ,n, we provide an inductive definition ofW(λ) as

1. If λ = j : (δ)i and j 6= i, thenW(λ) = { j}.
2. If λ = j : (θ)i thenW(λ) = { j}.
3. If λ = j : (ϒk)i thenW(λ) = { j}.
4. If λ = j : (ϒk ⇓X′ [ϒp, . . . ,ϒq,u, . . .v])i thenW(λ) = { j}.
5. If λ = λ1 + λ2 thenW(λ) = W(λ1)∪W(λ2).
6. If λ = λ1 ◦ λ2 thenW(λ) = W(λ1)∪W(λ2).

7. If λ = λ1 ; λ2 thenW(λ) = W

(
(λ1 + 1 : (δ)1) ◦ (λ2 + 1 : (δ)1)

)
= W(λ1 + 1 : (δ)1)∪W(λ2 + 1 :

(δ)1) = W(λ1)∪W(λ2).
8. If λ = (λ1) thenW(λ) = W(λ1).
9. If λ = ∗λ1 thenW(λ) = W(λ1).

Justification: We know from definition that∗λ1 = (1 : (δ)1 + λ1 + (λ1)
2 + . . .). Also,W(1 : (δ)1) = /0

from step 1, and for anyk≥ 1,W((λ1)
k) =W(λ1) from step 6. HenceW(∗λ1) =W(1 : (δ)1)∪W(λ1) =

W(λ1).
10. If λ = ¬λ1 thenW(λ) = {1, . . . ,n}.

Justification: We know from definition of LRE semantics that the¬ operator negates (complements)
the values of every component of the State Set Vector on whichthe expressionλ is evaluated. Hence, as
it changes the values of every state component, its write setincludes all the labels.

Definition 28. Read set of an LRE:The Read set of an LREλ overTϒ,n, denotedR(λ) gives a set of labels
corresponding to the components of a State Set VectorS of lengthn whose values are used to potentially
change the values of some component in the State Set Vector resulting from the evaluation ofλ onS.

Given an LREλ overTϒ,n, we inductively defineR(λ) as

1. If λ = j : (δ)i and j 6= i, thenR(λ) = {i}.
2. If λ = j : (θ)i thenR(λ) = /0.
3. If λ = j : (ϒk)i thenR(λ) = {i}.
4. If λ = j : (ϒk ⇓X′ [ϒp, . . . ,ϒq,u, . . .v])i thenR(λ) = {i,u, . . . ,v}.
5. If λ = λ1 + λ2 thenR(λ) = R(λ1)∪R(λ2).
6. If λ = λ1 ◦ λ2 thenR(λ) = R(λ1)∪ (R(λ2)\W(λ1)).

Justification: Consider a State Set VectorS. We know from LRE semantics that[[λ1 ◦ λ2 ]] (S(X)) =
[[λ2 ]] ( [[λ1 ]] (S)). SoR(λ1) ⊆ R(λ). Also, it is enough to consider only those labels fromR(λ2) which
have not been potentially changed by the application ofλ1 onS. Hence,R(λ) = R(λ1)∪(R(λ2)\W(λ1)).

7. If λ = λ1 ; λ2 thenR(λ) = R

(
(λ1 + (1 : (δ)1)) ◦ (λ2 + (1 : (δ)1))

)
= R(λ1)∪ (R(λ2) \W(λ1)) from

cases 6, 5 and 1.
8. If λ = (λ1) thenR(λ) = R(λ1).
9. If λ = ∗λ1 thenR(λ) = R(λ1).

Justification: We know from definition that∗λ1 = (1 : (δ)1 + λ1 + (λ1)
2 + . . .). Also, R(1 : (δ)1) = /0

from step 1, and for anyk≥ 1, R((λ1)
k) = R(λ1) from step 6. HenceR(∗λ1) = R(1 : (δ)1)∪R(λ1) =

R(λ1).
10. If λ = ¬λ1 thenR(λ) = {1, . . . ,n}.

Justification: We know from definition that¬λ1 changes the values of all components of the State Set
VectorS(X) on which it is evaluated. Hence, all labels belong to the readset.
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Lemma 12. Let λ be an LRE overTϒ,n and aS(X) be a State Set Vector of length n. If i/∈W(λ), then
( [[λ ]] (S(X)))i = Si(X).

Proof. Follows from definition of LRE semantics and Write set.

Lemma 13. Letλ be an LRE overTϒ,n. Given State Set VectorsS(X) andP(X), if ∀ k∈R(λ), Sk(X)= Pk(X),
then∀ j ∈ (W(λ)∪R(λ)), ( [[λ ]] (S(X))) j = ([[λ ]] (P(X))) j .

Proof. We consider the following cases:

1. If j ∈ R(λ) and j /∈W(λ), then( [[λ ]] (S(X))) j = ([[λ ]] (P(X))) j follows from Lemma 12 and given
condition.

2. If j ∈W(λ), then( [[λ ]] (S(X))) j = ([[λ ]] (P(X))) j follows from LRE semantics and given condition.

Hence proved.

Corollary 2. Letλ be an LRE overTϒ,n andS(X) andP(X) be State Set Vectors of length n each. If i/∈R(λ),
and∀ j 6= i,Sj(X) = Pj(X), then∀k 6= i, ( [[λ ]] (S(X)))k = ([[λ ]] (P(X)))k.

Proof. Follows from Lemma 12 and Lemma 13.

Example 24.We illustrate some special cases of the LREsδ̂ andθ̂.

LRE λ R(λ) W(λ)

δ̂ /0 /0
θ̂ /0 {1,2, . . . ,n}

Corollary 3. Let λ be an LRE overTϒ,n. Then,

1. W(λ + δ̂) = W(λ)

2. R(λ + δ̂) = R(λ)
3. W(λ + θ̂) = {1, . . . ,n}
4. R(λ + θ̂) = R(λ)

Proof. Follows from definition of read and write sets.

Property 12.Let λ1,λ2 be LREs overTϒ,n. If W(λ1)⊆W(λ2) and(R(λ2)∩W(λ1)) = /0, then

1. λ1 ◦ λ2 = λ2.
2. λ1 ; λ2 = λ2 + δ̂.

Proof. 1. We consider two cases:
(a) If i /∈W(λ2), theni /∈W(λ1) also. Hence, from Lemma 12, we have

( [[λ2 ]] (S(X)))i = Si(X)

( [[λ1 ]] (S(X)))i = Si(X)

And, ( [[λ2 ]] ( [[λ1 ]] (S(X))))i = ([[λ1 ]] (S(X)))i

Hence,λ1 ◦ λ2 = λ2.
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(b) If i ∈W(λ2), then ifi /∈W(λ1), then from Lemma 12, we have( [[λ2 ]] ( [[λ1 ]] (S(X))))i = ([[λ1 ]] (S(X)))i =
Si(X). Else ifi ∈W(λ1) also, theni /∈R(λ2), then from Corollary 2, we have( [[λ2 ]] ( [[λ1 ]] (S(X))))i =
([[λ2 ]] (S(X)))i . Hence,λ1 ◦ λ2 = λ2.

Hence proved.
2. We know from definition thatλ1 ; λ2 = (λ1 + δ̂) ◦ (λ2 + δ̂). Also from Corollary 3, we knowW(λ1 +

δ̂) = W(λ1), W(λ2 + δ̂) = W(λ2), R(λ1 + δ̂) = R(λ1), andR(λ2 + δ̂) = R(λ2). The result follows from
these and case 1.

Property 13.Let λ be an LRE overTϒ,n. If R(λ)∩W(λ) = /0, then

1. λ ◦ λ = λ
2. (λ + δ̂) ◦ λ = λ
3. ∀m≥ 1, λm = λ
4. ∗λ = λ ; λ = δ̂ + λ

Proof. Let S(X) be a State Set VectorSof lengthn.

1. (a) We know from Lemma 12 that∀i /∈W(λ),

( [[λ ]] (S(X)))i = Si(X)

Also, ( [[λ ]] ( [[λ ]] (S(X))))i = ([[λ ]] (S(X)))i = Si(X)

Hence,λ ◦ λ = λ From LRE semantics

(b) ∀i ∈W(λ), we know thati /∈ R(λ). Then, from Lemma 13
( [[λ ]] (S(X)))i = ([[λ ]] ( [[λ ]] (S(X))))i . Also from the previous case we know that∀k /∈W(λ), we
haveλ ◦ λ = λ.

Hence proved.
2. From Corollary 3, we knowR(λ + δ̂) = R(λ), andW(λ + δ̂) = W(λ). Hence the property follows from

Property 12.
3. We prove by induction onm.

Basis: When m= 1, it holds trivially. When m= 2, it follows from case 1b.
Induction Hypothesis: Assume∀1≤ i ≤m, λi = λ.
Induction Step: We know thatλm+1 = λm ◦ λ = λ ◦ λ = λ from hypothesis.
Hence proved.

4.

∗λ = δ̂ + λ + (λ)2 + . . . From definition

= δ̂ + λ + λ + . . . From cases 1a and 3

= δ̂ + λ From Property 1

Next, we prove thatλ ; λ = δ̂ + λ.

λ ; λ = (λ + δ̂) ◦ (λ + δ̂) From definition

= δ̂ + λ From Corollary 3, case 1a and Property 1

Property 14.Let λ1,λ2 be LREs overTϒ,n. If λ1� λ2, then¬λ1� ¬λ2.
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Proof. Let S(X) be a State Set Vector of lengthn. We have

[[λ1 ]] (S(X)) � [[λ2 ]] (S(X)) Sinceλ1� λ2

So,¬ [[λ1 ]] (S(X)) � ¬ [[λ2 ]] (S(X)) From the definition of¬

Hence,[[¬λ1 ]] (S(X)) � [[¬λ2 ]] (S(X)) From LRE semantics

Hence proved.

Property 15.Let λ be an LRE overTϒ,n. Then,¬(¬(λ)) = λ.

Proof. Let S(X) be a State Set Vector of lengthn. Then,

[[¬(¬(λ)) ]] (S(X)) = ¬(¬ [[λ ]] (S(X))) From LRE semantics

= [[λ ]] (S(X)) From definition of¬

Hence proved.

Property 16.Let λ1,λ2 be LREs overTϒ,n. Then,¬(λ1 ◦ λ2) = λ1 ◦ ¬λ2.

Proof. Let S(X) be a State Set Vector of lengthn. Then,

[[λ1 ◦ ¬λ2 ]] (S(X)) = [[¬λ2 ]] ( [[λ1 ]] (S(X))) From LRE semantics

= ¬ [[λ2 ]] ( [[λ1 ]] (S(X))) From LRE semantics

= ¬ [[λ1 ◦ λ2 ]] (S(X)) From LRE semantics

= [[¬(λ1 ◦ λ2) ]] (S(X)) From LRE semantics

Hence proved.

13.1 Properties of LREs belonging to either subclass 0 or subclass 1

Property 17.Let λ1,λ2 be LREs overTϒ,n. If λ1,λ2 ∈ SC0, then for State Set VectorsS(X) andP(X) of
lengthn each,

[[λ1 ]] (S(X))⊔ [[λ2 ]] (P(X)) � [[λ1 + λ2 ]] (S(X)⊔P(X))

Proof.

S(X) � S(X)⊔P(X)

P(X) � S(X)⊔P(X)

Sinceλ1,λ2 ∈ SC0, [[λ1 ]] (S(X)) � [[λ1 ]] (S(X)⊔P(X))

and, [[λ2 ]] (S(X)) � [[λ2 ]] (S(X)⊔P(X))

Hence,[[λ1 ]] (S(X))⊔ [[λ2 ]] (P(X)) � [[λ1 + λ2 ]] (S(X)⊔P(X))

From monotonicity of⊔

Property 18.Let λ1,λ2 be LREs overTϒ,n. If λ1,λ2 ∈ SC1, then for State Set VectorsS(X) andP(X) of
lengthn each,

[[λ1 ]] (S(X))⊔ [[λ2 ]] (P(X)) � [[λ1 + λ2 ]] (S(X)⊔P(X))
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Proof.

S(X) � S(X)⊔P(X)

P(X) � S(X)⊔P(X)

Sinceλ1,λ2 ∈ SC1, [[λ1 ]] (S(X)) � [[λ1 ]] (S(X)⊔P(X))

and, [[λ2 ]] (S(X)) � [[λ2 ]] (S(X)⊔P(X))

Hence,[[λ1 ]] (S(X))⊔ [[λ2 ]] (P(X)) � [[λ1 + λ2 ]] (S(X)⊔P(X))

From monotonicity of⊔

Definition 29. Given an LREλ overTϒ,n and a State Set VectorS(X) of length n for a transition system B,
[[λ ]]B is both monotonically increasing and monotonically decreasing if [[λ ]]B(S(X)) evaluates to a constant
State Set Vector i.e. which only depends on the underlying transition system B.

Example 25.λ = θ̂ is an example of an LRE which is both monotonically increasing and monotonically
decreasing.

Property 19.Let λ1,λ2,λ3 be LREs overTϒ,n.

1. If λ3 ∈ SC0, then(λ1 + λ2) ◦ λ3� (λ1 ◦ λ3) + (λ2 ◦ λ3)
2. If λ3 ∈ SC1, then(λ1 + λ2) ◦ λ3� (λ1 ◦ λ3) + (λ2 ◦ λ3)
3. If [[λ3 ]] is both monotonically increasing and monotonically decreasing, then(λ1 + λ2) ◦ λ3 = (λ1 ◦

λ3) + (λ2 ◦ λ3)

Proof. 1. LetS(X) be a State Set Vector of lengthn. From LRE semantics, we get

[[ (λ1 + λ2) ◦ λ3 ]] (S(X)) = [[λ3 ]] ( [[λ1 + λ2 ]] (S))

= [[λ3 ]] ( [[λ1 ]] (S(X))⊔ [[λ2 ]] (S(X)))

� [[λ3 ]] ( [[λ1 ]] (S(X)))⊔ [[λ3 ]] ( [[λ2 ]] (S(X))) From Property 17

= [[λ1 ◦ λ3 ]] (S(X))⊔ [[λ2 ◦ λ3 ]] (S(X))

Hence proved.
2. LetS(X) be a State Set Vector of lengthn. From LRE semantics, we get

[[ (λ1 + λ2) ◦ λ3 ]] (S(X)) = [[λ3 ]] ( [[λ1 + λ2 ]] (S))

= [[λ3 ]] ( [[λ1 ]] (S(X))⊔ [[λ2 ]] (S(X)))

� [[λ3 ]] ( [[λ1 ]] (S(X)))⊔ [[λ3 ]] ( [[λ2 ]] (S(X))) From Property 18

= [[λ1 ◦ λ3 ]] (S(X))⊔ [[λ2 ◦ λ3 ]] (S(X))

Hence proved.
3. Follows from previous two cases.

Property 20.Let λ1, λ2, λ3 andλ4 be LREs overTϒ,n. Then

1. If λ1� λ2 andλ3� λ4, then(λ1 + λ3)� (λ2 + λ4)
2. If λ1� λ2 andλ3� λ4, then(λ1 opλ3)� (λ2 opλ4), whereop∈ {◦ , ; } if eitherλ3 ∈ SC0 or λ4 ∈ SC0

3. (λ1 ; λ2)
i � (λ1 ; λ2)

i+1, for all i ≥ 0 if eitherλ1 ∈ SC0 or λ2 ∈ SC0

4. If λ1� λ2, then(λ1)
i � (λ2)

i for all i ≥ 0, and(∗λ1)� (∗λ2) if eitherλ1 ∈ SC0 or λ2 ∈ SC0
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Proof. 1. LetS(X) be a State Set Vector of lengthn. We know that

[[λ1 + λ3 ]] (S(X)) = [[λ1 ]] (S(X))⊔ [[λ3 ]] (S(X)) from LRE semantics

� [[λ2 ]] (S(X))⊔ [[λ4 ]] (S(X)) Sinceλ1� λ2 andλ3� λ4

= [[λ2 + λ4 ]] (S(X))

2. LetS(X) be a State Set Vector of lengthn. We know from LRE semantics that

[[λ1 ◦ λ3 ]] (S(X)) = [[λ3 ]] ( [[λ1 ]] (S(X)))

� [[λ4 ]] ( [[λ1 ]] (S(X))) Sinceλ3� λ4

� [[λ4 ]] ( [[λ2 ]] (S(X))) Sinceλ4 ∈ SC0 andλ1� λ2

= [[λ2 ◦ λ4 ]] (S(X))

Similarly, it can also be shown that

[[λ3 ]] ( [[λ1 ]] (S(X))) � [[λ3 ]] ( [[λ2 ]] (S(X))) Sinceλ1� λ2 andλ3 ∈ SC0

� [[λ4 ]] ( [[λ2 ]] (S(X))) Sinceλ3� λ4

= [[λ2 ◦ λ4 ]] (S(X))

Also, (λ1 ; λ3)� (λ2 ; λ4) follows using a similar argument and case 1 if eitherλ3 ∈ SC0 or λ4 ∈ SC0.
3. We proceed by induction oni.

Basis: Wheni = 0, we havêδ� (λ1 ; λ2).
Hypothesis: Assume for 0≤ k≤ i,(λ1 ; λ2)

k � (λ1 ; λ2)
k+1.

Induction Step: We know by definition of semantics that(λ1 ; λ2)
i+1 = (λ1 ; λ2)

i ◦ (λ1 ; λ2). Also,(λ1 ; λ2)
i �

(λ1 ; λ2)
i+1 from induction hypothesis and(λ1 ; λ2)� (λ1 ; λ2) from LRE semantics. Hence from Case

2, we have(λ1 ; λ2)
i+1 � (λ1 ; λ2)

i+2. Hence proved.
4. We proceed by induction oni.

Basis: Wheni = 0, we haveλ1� λ2.
Hypothesis: Assume for 0≤ k≤ i,(λ1)

k � (λ2)
k.

Induction Step: We know from LRE semantics that(λ1)
i+1 = (λ1)

i ◦ λ1. Also, from induction hy-
pothesis, we know that(λ1)

i � (λ2)
i and λ2 � λ2. Hence the property follows from Case 2. Also

F∞
i=0(λ1)

i �
F∞

i=0(λ2)
i . Hence proved.

Definition 30. Let λ be an LRE overTϒ,n andS(X) be a State Set Vector of length n. Then,[[∗λ ]] (S(X)) =
lim i→∞ Pi(S(X)), where

Pj(S(X)) =

{
S(X) if j = 0
Pj−1(S(X))⊔ [[λ ]] (Pj−1(S(X))) otherwise

Lemma 14. For a transition system B= (I ,X,Q,S0,T), given a State Set VectorS(X) of length n and an
LREλ ∈ SC0 over setTϒ,n,

1. Pi(S(X))� Pi+1(S(X))
2. If Pi+1(S(X)) = Pi(S(X)), then Pj(S(X)) = Pi(S(X)), ∀ j ≥ i
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3. lim i→∞ Pi(S(X)) = Pn|Q|(S(X))

Proof. 1. We proceed by induction oni.
Basis: Wheni = 0, we haveP0(S(X))= S(X) by definition. AlsoP1(S(X))= P0(S(X))⊔ [[λ ]] (P0(S(X)))�
P0(S(X)).
Induction Hypothesis: Assume thatPr(S(X))� Pr+1(S(X)), for 0≤ r ≤ i.
Induction Step: We know from definition that

Pi+2(S(X)) = Pi+1(S(X))⊔ [[λ ]] (Pi+1(S(X)))

� Pi(S(X))⊔ [[λ ]] (Pi(S(X)) sinceλ ∈ SC0 and from induction hypothesis

= Pi+1(S(X)) From definition

2. We know that

Pi+1(S(X)) = Pi(S(X))

Also, Pi+2(S(X)) = Pi+1(S(X))⊔ [[λ ]] (Pi+1(S(X))) From definition

Hence,Pi+1(S(X)) = Pi(S(X))⊔ [[λ ]] (Pi(S(X))) SincePi+1(S(X)) = Pi(S(X))

= Pi+1(S(X)) from definition

= Pi(S(X))

3. It is important to note that eachPi is evaluated on a State Set VectorS(X) of n components. EachSi(X)
belongs to a lattice of height|Q| ordered by subset inclusion. So the State Set VectorS(X) can be viewed
as a composite lattice of heightn|Q|. Hence the computation would terminate inn|Q| steps as from Case
1, we know that every step is only going to possibly add more sets of states, and from Case 2, we know
that if at any stepi, the current State Set Vector does not change, then fixpoint has been reached.

Lemma 15. For a transition system B= (I ,X,Q,S0,T) given a State Set VectorS(X) of length n and an
LREλ ∈ SC0 overTϒ,n, [[∗λ ]] (S(X)) = Pn|Q|(S(X)).

Proof. Follows from Lemma 14 and definition of LRE semantics.

Property 21.Given a State Set VectorS(X) of lengthn and using the definition from Definition 30,

1. Pn|Q|(S(X))� Pi(S(X)), ∀i

2. Pi(Pj(S(X))) = Pi+ j(S(X)),∀i, ∀ j
3. ∀ i,Pn|Q|(Pi(S(X))) = Pn|Q|(S(X))

Proof. 1. From definition, we know that∀i ≤ n|Q|, we havePn|Q|(S(X)) � Pi(S(X)). Also, from Lemma
2, we have∀i > n|Q|,Pn|Q|(S(X)) = Pi(S(X)). Hence proved.

2. We proceed by induction oni.
Basis: Wheni = 0, we haveP0(Pj(S(X))) = Pj(S(X)) from definition.
Induction hypothesis: Assume for 1≤ k≤ i,Pk(Pj(S(X))) = Pk+ j(S(X)).
Induction step: We have by definition
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Pi+1(Pj(S(X))) = Pi(Pj(S(X)))⊔ [[λ ]] (Pi(Pj(S(X))))

= Pi+ j(S(X))⊔ [[λ ]] (Pi+ j(S(X))) From induction hypothesis

= Pi+ j+1(S(X)) From definition

3. We know that

Pn|Q|(Pi(S(X))) = Pn|Q|+i(S(X)) From case 2

= Pn|Q|(S(X)) From case 1

Property 22.For a transition systemB = (I ,X,Q,S0,T), let λ,λ1,λ2 ∈ SC0 be LREs overTϒ,n andS(X) be
a State Set Vector of lengthn. Then

1. ∗(∗λ) = ∗λ
2. (∗λ)i = ∗λ = (∗λ)i−1,∀i > 1
3. If λ1� λ2, then∗λ1� ∗λ2

4. ∗(λ1 ; λ2) = ∗(∗λ1 ; λ2) = ∗(∗λ1 ; ∗λ2) = ∗(λ1 ; ∗λ2)

Proof. 1. We know from Lemma 15 and Definition 30 that[[∗λ ]] (S(X)) = Pn|Q|(S(X)), where

Pj(S(X)) =

{
S(X) if j = 0
Pj−1(S(X))⊔ [[λ ]] (Pj−1(S(X))) otherwise

Let ∗λ = λ′, and [[∗λ′ ]] (S(X)) = P′n|Q|(S(X)), where

P′j(S(X)) =

{
S(X) if j = 0
P′j−1(S(X))⊔ [[λ′ ]] (P′j−1(S(X))) otherwise

Hence∀i > 1, we have

P′i (S(X)) = P′i−1(S(X))⊔ [[∗λ ]] (P′i−1(S(X)))

= P′i−1(S(X))⊔Pn|Q|(P
′
i−1(S(X)))

= P′i−1(S(X))⊔Pn|Q|(S(X)) From Property 21 case 3

We haveP′0(S(X)) = S(X) = P0(S(X)). Wheni = 1, we have

P′1(S(X)) = P′0(S(X))⊔Pn|Q|(S(X))

= P0(S(X))⊔Pn|Q|(S(X))

= Pn|Q|(S(X)) From definition

= [[∗λ ]] (S(X))
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Assume 0≤ i ≤ j, P′j(S(X)) = Pn|Q|(S(X)).

So,

P′j+1(S(X)) = P′j(P
′
1(S(X))) From Property 21 case 2

= P′j(Pn|Q|(S(X)))

= Pn|Q|(S(X)) From Property 21 case 3

Hence proved.
2. We proceed by induction oni.

Basis: Wheni = 2, we have

[[∗λ ◦ ∗λ ]] (S(X)) = [[∗λ ]] ( [[∗λ ]] (S(X)))

= Pn|Q|(Pn|Q|(S(X)))

= Pn|Q|(S(X))

= ∗λ

Induction Hypothesis: Assume for 2≤ k≤ i,∗λ = (∗λ)k.
Induction Step: We know that

(∗λ)k+1 = (∗λ)k ◦ ∗λ From definition

= ∗λ ◦ ∗λ From induction hypothesis

= ∗λ From basis

Hence proved.
3. Let [[∗λ1 ]] (S(X)) = Pn|Q|(S(X)), and [[∗λ2 ]] (S(X)) = P′n|Q|(S(X)). We proceed by induction oni.

Basis:Wheni = 0, we haveP0(S(X))� P′0(S(X)).
Induction Hypothesis: Assume 0≤ j < i, Pi(S(X))� P′i (S(X)).
Induction Step: We know that

Pi+1(S(X)) = Pi(S(X))⊔ [[λ1 ]] (Pi(S(X))) From definition

P′i+1(S(X)) = P′i (S(X))⊔ [[λ1 ]] (P′i (S(X))) From definition

Also, Pi(S(X)) � P′i (S(X)) From induction hypothesis

Hence,Pi+1(S(X)) � P′i+1(S(X)) asλ1� λ2

It follows thatPn|Q|(S(X)) � P′n|Q|(S(X))

4. By definition of semantics, we know thatλ2 � ∗λ1. Hence from Property 20 case 2, we haveλ1 ; λ2 �
λ1 ; ∗λ2. Also, from cases 3 and 1, we have∗(λ1 ; λ2)� ∗(λ1 ; ∗λ2).
We now show that∗(λ1 ; λ2)� (λ1 ; ∗λ2). [[λ1 ; ∗λ2 ]] (S(X))= [[(λ1 + δ̂) ◦Pn|Q| ]] (S(X))= Pn|Q|(S(X)⊔

[[λ2 ]] (S(X))), and let [[∗(λ1 ; λ2) ]] (S(X)) = P′n|Q|(S(X)). We haveP0(S(X)) = S(X) = P′0(S(X)). ∀i ≥

1,Pi(S(X)) = P′i−1(S(X))⊔ [[λ1 ; λ2 ]] (P′i−1(S(X))). We proceed by induction oni.
Basis:Wheni = 0, we haveP0(S(X))�P′0(S(X)). Wheni = 1, we haveP1(S(X))= P0(S(X)⊔ [[λ1 ]] (S(X)))=
S(X)⊔ [[λ1 ]] (S(X)). Also, P′1(S(X)) = S(X)⊔ [[λ1 ; λ2 ]] (S(X)) � S(X)⊔ [[λ2 ]] (S(X)) sinceλ1 ; λ2 �
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δ̂ + λ1 + (δ̂ + λ1) ◦ λ2. HenceP1(S(X))� P′1(S(X)).
Hypothesis:Assume thatPj(S(X)⊔ [[λ1 ]] (S(X)))� P′j+1(S(X)) for 1≤ j ≤ i.

Induction Step:Pi+1(S(X)⊔ [[λ1 ]] (S(X))) = Pi(S(X)⊔ [[λ1 ]] (S(X)))⊔ [[λ2 ]] (S(X)⊔ [[λ1 ]] (S(X))) �
P′i+1(S(X)⊔ [[λ1 ]] (S(X)))⊔ [[λ2 ]] (P′i+1(S(X)⊔ [[λ1 ]] (S(X)))) from induction hypothesis. It follows that
Pi+1(S(X)⊔ [[λ1 ]] (S(X)))� P′i+1(S(X)) using induction hypothesis.

Hence we have shown that(λ1 ; ∗λ2) � ∗(λ1 ; λ2). It follows from cases 3 and 1 that∗(λ1 ; ∗λ2) �
∗(λ1 ; λ2). Hence, we now get∗(λ1 ; ∗λ2) = ∗(λ1 ; λ2). It can be shown similarly that∗(∗λ1 ; λ2) =
∗(λ1 ; λ2). To prove∗((∗λ1) ; λ2) = ∗((∗λ1) ; ∗λ2), we can setλ1 as∗λ1 in the previous result.

Property 23.Let λ1,λ2 ∈ SC0 be LREs overTϒ,n, then∗(λ1 ; λ2) = ∗(λ1 + λ2).

Proof. We prove this in two parts:

1. We first show that∗(λ1 + λ2)� ∗(λ1 ; λ2).

(λ1 + λ2) � (λ1 ; λ2) From LRE semantics

Hence,∗(λ1 + λ2) � ∗(λ1 ; λ2) From Property 22 case 3

2. Now we show that∗(λ1 ; λ2)� ∗(λ1 + λ2).

λ1 ; λ2 = (λ1 + δ̂) ◦ (λ2 + δ̂) From definition

= δ̂ + λ1 + (λ1 + δ̂) ◦ λ2

Also, letλ = λ1 + λ2. Hence by definition,∗λ = Pn|Q|(S(X)), where

Pj(S(X)) =

{
S(X) if j = 0
Pj−1(S(X))⊔ [[λ ]] (Pj−1(S(X))) otherwise

Also from Property 21 case 1, we know that for anyi ≤ n|Q|, Pi(S(X)) � Pn|Q|(S(X)). We will now
prove thatP2(S(X))� λ1 ; λ2. It follows from definition that

P2(S(X)) = S(X)⊔ [[λ1 ]] (S(X))⊔ [[λ2 ]] (S(X))⊔ [[λ1 + λ2 ]] (S(X)⊔ [[λ1 ]] (S(X))⊔ [[λ2 ]] (S(X)))

� S(X)⊔ [[λ1 ]] (S(X))⊔ [[λ2 ]] (S(X))⊔ [[ (λ1 + λ2)
2 ]] (S(X)) From Property 19 case 1

Also, (λ1 + λ2)
2 � (λ1)

2 + (λ1 ◦ λ2) + (λ2 ◦ λ1) + (λ2)
2 From definition and Property 19 case 1

But, (λ2)
2 � λ2 From Property AA

Hence,(λ1 + λ2)
2 � (λ1 + δ̂) ◦ λ2

Hence,λ1 ; λ2 � ∗(λ1 + λ2)

Also, ∗(λ1 ; λ2) � ∗(∗(λ1 + λ2)) From Property XX case YY

Hence proved∗(λ1 ; λ2) � ∗(λ1 + λ2)

Hence proved∗(λ1 + λ2) = ∗(λ1 ; λ2).

Theorem 13. Let{λ1, . . . ,λp}, p≥ 1 be a finite set of LREs overTϒ,n such that∀i, λi ∈ SC0. Then

∗(λ1 ; . . . ; λp) = ∗(λ1 + . . . + λp)
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Proof. We proceed by induction onp.
Basis: Whenp = 1, the result follows trivially.
Induction Hypothesis: Assume that the result holds true for allp in 1 throughm.
Induction Step: Consider a set ofm+1 LREs overTϒ,n. Let λ′ = λ2 + . . . + λm+1. We know from Property
23 that∗(λ1 + λ′) = ∗(λ1 ; λ′). Also from Property 22 case 4, we have

∗(λ1 ; λ′) = ∗(λ1 ; ∗λ′)
= ∗(λ1 ; ∗λ′′) From induction hypothesis whereλ′′ = λ2 ; . . . ; λm+1

Hence,∗(λ1 + λ′) = ∗(λ1 ; ∗λ′′)
Also, ∗(λ1 + λ′) = ∗(λ1 ; λ′′) From Property 22 case 4

Hence,∗(λ1 ; . . . ; λm+1) = ∗(λ1 + . . . + λm+1) Since+and ;are associative (Property 4 & Property 10 resp.)

Hence proved.

Definition 31. Union Norm of a State Set VectorS: Given a State Set VectorSof lengthn, its union norm
denoted‖ S‖∪ is defined as‖ S‖∪=

Sn
i=1 Si .

Definition 32. Intersection Norm of a State Set VectorS:Given a State Set VectorSof lengthn, its intersec-
tion norm denoted‖ S‖∩ is defined as as‖ S‖∩=

Tn
i=1 Si .

Lemma 16. Let S andR be State Set Vectors of length n such thatS� R. Then,

1. ‖ S‖∩ ⊆ ‖ R‖∩
2. ‖ S‖∪ ⊆ ‖ R‖∪

Proof. 1. We know thatS� R. Hence by definition of� we have∀i, Si ⊆ Ri . As ∪ preserves order, we
have

Sn
i=1 Si ⊆

Sn
i=1 Ri . Hence,‖ S‖∪ ⊆ ‖ R‖∪ from definition of Union Norm.

2. We know thatS� R. Hence by definition of� we have∀i, Si ⊆ Ri . As ∩ preserves order, we have
Tn

i=1 Si ⊆
Tn

i=1 Ri . Hence,‖ S‖∩ ⊆ ‖ R‖∩ from definition of Intersection Norm.

Definition 33. Upper bound vector of a State Set VectorS:Given a State Set VectorSof lengthn, its Upper
bound vector denotedSU is defined as∀i, SU

i =‖ S‖∪.

Definition 34. Lower bound vector of a State Set VectorS: Given a State Set VectorS of length n, its Lower
bound vector denotedSL is defined as∀i, Si =‖ S‖∩.

Lemma 17. For any State Set VectorS of length n,SU � S� SL.

Proof. Follows from the definition ofSU andSL.

Lemma 18. Let λ ∈ SC0 be an LRE overTϒ,n andS be a State Set Vector of length n. Then

[[λ ]] (SU) � [[λ ]] (S)� [[λ ]] (SL)

Proof. Follows from the fact that[[λ ]] is monotonically increasing (sinceλ ∈ SC0) and Lemma 17.

Lemma 19. Let λ ∈ SC1 be an LRE overTϒ,n andS be a State Set Vector of length n. Then

[[λ ]] (SU) � [[λ ]] (S) � [[λ ]] (SL)
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Proof. Follows from the fact that[[λ ]] is monotonically decreasing (sinceλ ∈ SC1) and Lemma 17.

Theorem 14. Let λ ∈ SC0 be an LRE overTϒ,n andS be a State Set Vector of length n. Then

‖ [[λ ]] (SU) ‖op ⊇ ‖ [[λ ]] (S) ‖op ⊇ ‖ [[λ ]] (SL) ‖op

where op∈ {∪,∩}.

Proof.

SU � S � SL From Lemma 17

Hence,[[λ ]] (SU)� [[λ ]] (S) � [[λ ]] (SL) Sinceλ ∈ SC0 is monotonically increasing

Hence,‖ [[λ ]] (SU) ‖op ⊇ ‖ [[λ ]] (S) ‖op ⊇‖ [[λ ]] (SL) ‖op From Lemma 16

Hence proved.

Theorem 15. Let λ ∈ SC1 be an LRE overTϒ,n andS be a State Set Vector of length n. Then

‖ [[λ ]] (SU) ‖op ⊆ ‖ [[λ ]] (S) ‖op ⊆ ‖ [[λ ]] (SL) ‖op

where op∈ {∪,∩}.

Proof.

SU � S � SL From Lemma 17

Hence,[[λ ]] (SU)� [[λ ]] (S) � [[λ ]] (SL) Sinceλ ∈ SC1 is monotonically increasing

Hence,‖ [[λ ]] (SU) ‖op ⊆ ‖ [[λ ]] (S) ‖op ⊆‖ [[λ ]] (SL) ‖op From Lemma 16

Lemma 20. Let S andR be State Set Vectors of length n. Then,

‖ S⊔R‖∪ = ‖ S‖∪ ∪ ‖ R‖∪

Proof. Let P = S⊔R, then from definition∀i, Pi = Si ∪Ri .

‖ P ‖∪ =
n

[

i=1

(Si ∪Ri) From definition

=
n

[

i=1

Si ∪
n

[

i=1

Ri

= ‖ S‖∪ ∪ ‖ R‖∪ From definition

Hence proved.

Lemma 21. Let S andR be State Set Vectors of length n. Then,

‖ S⊔R‖∩ ⊇ ‖ S‖∩ ∪ ‖ R‖∩ and,

‖ S⊔R‖∩ ⊆ ‖ S‖∪ ∪ ‖ R‖∪
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Proof. Let P = S⊔R, then∀i, Pi = Si ∪Ri .

‖ P ‖∩ =
n

\

i=1

(Si ∪Ri) From definition

⊇
n

\

i=1

Si ∪
n

\

i=1

Ri

= ‖ S‖∩ ∪ ‖ R‖∩

Similarly,

‖ P ‖∩ =
n

\

i=1

(Si ∪Ri) From definition

⊆
n

[

i=1

(Si ∪Ri)

=
n

[

i=1

Si ∪
n

[

i=1

Ri

= ‖ S‖∪ ∪ ‖ R‖∪

Hence proved.

Lemma 22. Let R be a State Set Vector of length n. Then

¬(‖ R‖∩) = ‖ ¬R‖∪ .

Proof.

¬(‖ R‖∩) = ¬(
n

\

i=1

Ri) From definition

=
n

[

i=1

¬Ri From definition of¬

= ‖ ¬R‖∪ From definition of Union norm

Hence proved.

Corollary 4. Let R be a State Set Vector of length n. Then

¬(‖ R‖∪) = ‖ ¬R‖∩ .

Proof. Follows from definition and Lemma 22.

14 Interpreting an LRE from an RE

Given an REσ overCϒ and a State Set VectorS(X) of lengthn, if we want to evaluate[[σ ]] (Sj(X)) and
store the result inSi(X), i.e. performSi(X) = [[σ ]] (Sj(X)), it can be performed by the translationβ(i,σ, j)
inductively defined as
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β(i,σ, j) =





i : (σ) j if σ = ϒ1 | ϒ2 | . . . | ϒk | δ | θ
β(i,σ1, j) + β(i,σ2, j) if σ = σ1 + σ2

β(i,σ1, j) ◦ β(i,σ2, i) if σ = σ1 ◦ σ2

(β(i,σ1, j) + i : (δ) j) ◦ (β(i,σ2, i) + i : (δ)i) if σ = σ1 ; σ2

β(i,σ1, j) if σ = (σ1)
¬β(i,σ1, j) if σ = ¬σ1

i : (δ) j ◦ ∗(β(i,σ1, i)) if σ = ∗σ1

Lemma 23. Let S(X) be a State Set Vector of length n. Given an REσ overCϒ, there exists an LREλ =
β(i,σ, j) overTϒ,n, such that for any i, j, [[σ ]] (Sj(X)) = ([[λ ]] (S(X)))i .

Proof. We prove by induction on the structure ofσ.

Basis:

1. Letσ beδ.
We know from the construction that

λ = β(i,δ, j)

= i : (δ) j

Also, ( [[λ ]] (S(X)))i = ([[ i : (δ) j ]] (S(X)))i

= Sj(X) From the definition of LRE semantics

= [[δ ]] (Sj(X)) From the definition of RE semantics

Hence proved.

2. Letσ beθ.
We know from the construction that

λ = β(i,θ, j)

= i : (θ)i

Also, ( [[λ ]] (S(X)))i = ([[ i : (θ)i ]] (S(X)))i

= 0 From the definition of LRE semantics

= [[θ ]] (Sj(X)) From the definition of RE semantics

Hence proved.
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3. Letσ beϒp.
We know from the construction that

λ = β(i,ϒp, j)

= i : (ϒp) j

( [[λ ]] (S(X)))i = ([[ i : (ϒp) j ]] (S(X)))i

= (S1(X), . . . ,Si−1(X), ImgTR(Sj(X),ϒp),Si+1(X), . . . ,Sn(X))i

From definition of LRE semantics

= ImgTR(Sj(X),ϒp)

= [[ϒp ]] (Sj(X)) From the definition of RE semantics

Hence proved.

Hypothesis: Let σ1 andσ2 be two REs overCϒ and a vector of sets of statesS of lengthn, such that there
exist LREsλ1 = β(i,σ1, j) andλ2 = β(i,σ2, j) overTϒ,n such that

for any i, j [[σ1 ]] (Sj(X)) = ([[λ1 ]] (S(X)))i

And, [[σ2 ]] (Sj(X)) = ([[λ2 ]] (S(X)))i

Induction Step: We consider the following cases:

1. Letσ beσ1 + σ2.

We know from the construction that

λ = β(i,σ1 + σ2, j)

= β(i,σ1, j) + β(i,σ2, j)

( [[λ ]] (S(X)))i = ([[β(i,σ1, j) + β(i,σ2, j) ]] (S(X)))i

= ([[β(i,σ1, j) ]] (S(X)))i ∨ ( [[β(i,σ2, j) ]] (S(X)))i

From the definition of LRE semantics

= [[σ1 ]] (Sj(X))∨ [[σ2 ]] (Sj(X)) From induction hypothesis

= [[σ1 + σ2 ]] (Sj(X)) From the definition of RE semantics

Hence proved.

2. Letσ beσ1 ◦ σ2.
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We know from the construction that

λ = β(i,σ1 ◦ σ2, j)

= β(i,σ1, j) ◦ β(i,σ2, i)

( [[λ ]] (S(X)))i = ([[β(i,σ1, j) ◦ β(i,σ2, i) ]] (S(X)))i

= ([[β(i,σ2, i) ]] ( [[β(i,σ1, j) ]] (S(X))))i

= ([[β(i,σ2, i) ]] (S1(X), . . . ,Si−1(X), [[σ1 ]] (Sj(X)),Si+1(X), . . . ,Sn(X)))i

From the definition of LRE semantics and induction hypothesis

= [[σ2 ]] ( [[σ1 ]] (Sj(X)) SinceR(β(i,σ2, i)) = {i}

= [[σ1 ◦ σ2 ]] (Sj(X)) From the definition of RE semantics

Hence proved.
3. Letσ beσ1 ; σ2.

We know from the construction that

λ = β(i,σ1 ; σ2, j)

= (β(i,σ1, j) + i : (δ)i) ◦ (β(i,σ2, i) + i : (δ)i)

( [[λ ]] (S(X)))i = ([[(β(i,σ1, j) + i : (δ)i) ◦ (β(i,σ2, i) + i : (δ)i) ]] (S(X)))i

= ([[β(i,σ2, i) + i : (δ)i ]] ( [[β(i,σ1, j) + i : (δ)i ]] (S(X))))i From LRE semantics

= ([[β(i,σ2, i) + i : (δ)i ]] ((S1(X), . . . , [[σ1 ]] (Sj(X)),Si+1(X), . . . ,Sn(X))⊔ (S1(X), . . . ,Sj (X),Si+1(X), . . . ,Sn(X))))i

From LRE semantics and induction hypothesis

= ([[β(i,σ2, i) + i : (δ)i ]] (S1(X), . . . ,Sj (X)∨ [[σ1 ]] (Sj(X)),Si+1(X), . . . ,Sn(X)))i

= ([[β(i,σ2, i) ]] ((S1(X), . . . ,Sj (X)∨ [[σ1 ]] (Sj(X)),Si+1(X), . . . ,Sn(X))⊔

[[ i : (δ)i ]] (S1(X), . . . ,Sj (X)∨ [[σ1 ]] (Sj(X)),Si+1(X), . . . ,Sn(X)))i From LRE semantics

= Sj (X)∨ [[σ1 ]] (Sj(X))∨ [[σ2 ]] (Sj(X))∨ [[σ2 ]] ( [[σ1 ]] (Sj(X))) From LRE semantics, induction hypothesis and RE semantics

= [[δ + σ1 + σ2 + σ1 ◦ σ2 ]] (Sj(X)) From RE semantics

= [[σ1 ; σ2 ]] (Sj(X)) From RE semantics

Hence proved.
4. Letσ be(σ1).

Follows from the definition of RE and LRE semantics and induction hypothesis.
5. Letσ be¬σ1.

We know that

( [[¬λ1 ]] (S(X)))i = ¬( [[λ1 ]] (S(X)))i From the definition of LRE semantics

= ¬ [[σ1 ]] (Sj(X)) From the induction hypothesis

= [[¬σ1 ]] (Sj(X)) From the definition of RE semantics

Hence proved.
6. Letσ be∗σ1.

From the semantics of RE, we know that
W∞

l=0 [[σl
1 ]] (Sj(X)). We proceed by induction.
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Basis: Whenl = 0, we know that

[[σ0
1 ]] (Sj(X)) = [[δ ]] (Sj(X)) From the definition of RE semantics

= Sj(X)

Also,

( [[λ0
1 ]] (S(X)))i = ([[ i : (δ) j ◦ (G(i,σ1))

0 ]] (S(X)))i From equation??

= ([[ i : (δ) j ◦ i : (δ)i ]] (S(X)))i From the definition of LRE semantics

= ([[ i : (δ) j ]] (S(X)))i From the definition of LRE semantics

= Sj(X) From the definition of LRE semantics

Hypothesis: Assume that the LREλl
1 is equivalent toσl

1, 0≤ l ≤ p .
Induction Step: We know from LRE semantics thatλl+1

1 = λ1 ◦ λl
1. From induction hypothesis and case

2 this follows∀ l ≥ 0.

Hence proved on the structure ofσ.

Example 26.Let σ beϒ1 + ϒ2.

To get the corresponding LRE, we need to specify both the set of states we want to apply the transition
clusters on and also the labels where the results of the evaluation needs to be stored. Assume that there are 2
components of the State Set VectorS(X), and we want to evaluateσ onS2(X) and store the result inS1(X),
i.e. ComputeS1(X) = [[σ ]] (S2(X)) = [[ϒ1 ]] (S2(X))∨ [[ϒ2 ]] (S2(X))= ImgTR(S2(X),ϒ1)∨ImgT R(S2(X),ϒ2).
The equivalent LREλ would be

λ = β(1,σ,2) = 1 : (δ)2 ◦ (G(1,σ))

= 1 : (δ)2 ◦ (G(1,ϒ1) + G(1,ϒ2))

= 1 : (δ)2 ◦ (1 : (ϒ1)1 + 1 : (ϒ2)1)

= (1 : (δ)2 ◦ 1 : (ϒ1)1) + (1 : (δ)2 ◦ 1 : (ϒ2)1)

We know from LRE semantics that,

[[λ ]] (S1(X),S2(X)) = [[1 : (δ)2 ◦ 1 : (ϒ1)1 ]] (S1(X),S2(X))⊔

[[1 : (δ)2 ◦ 1 : (ϒ2)1 ]] (S1(X),S2(X))

= (ImgTR(S2(X),ϒ1),S2(X))⊔ (ImgTR(S2(X),ϒ2),S2(X))

= (ImgTR(S2(X),ϒ1)∨ ImgTR(S2(X),ϒ2),S2(X))

Hence[[σ ]] (S2(X)) = ([[λ ]] (S1(X),S2(X)))1.

15 Discovering strategies

We have seen earlier that RLREs allow us to express several search strategies. Given a State Set Vector,
assume that we know which components refer to the view at the root ofcurr, views at the leaves ofnextand
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views at all the nodes ofacc. Let λnull be an RLRE which nullifies all the state components referringto the
views at the leaves ofnextto False. Let mbe a node in thecurr tree and letm1, . . .mr be its children. Letλm

be an RLRE that computes the imageI of the view atcurr’s root under the transition relation represented at
nodemof TT by invokingλmi for each childmi of m, and finally stores the imageI in the node corresponding
to m in thenext tree.λm may be thought of as sequentially composingλmi for each childmi , followed by an
updation of the corresponding node, saym′, in next by applying the appropriate Boolean operation on the
views at the children ofm′. Let λup be an RLRE which (i) accumulates the view for all state components
corresponding to leaves ofnext in the corresponding leaves ofacc, (ii) computes the view for every state
component referring to every internal node ofacc, (iii) copies the view at the state component for the root
of acc to the state component for the root ofcurr, and (iv) nullifies all the state components referring to
the views at the leaves ofnext to False. The expressive power of RLREs allows us to express all of these
computations easily. SinceW(λnull) ⊂W(λup), R(λnull) = /0 and bothλnull andλup nullify the views of all
leaf nodes ofnext, we haveλup ◦ λnull = λup. Theith step in the fixpoint computation involves(λnull ◦ λr ◦
λup)

i , wherer is the root ofTT. Using the previous property, this reduces to beingλnull ◦ (λr ◦ λup)
i . Using

semantics of RLREs, we now show that this results of this basic reachability analysis strategy can also be
obtained using alternative RLRE’s, thereby permitting thediscovery of different search strategies.

With the definitons ofλn andλup as given above,λnull ◦ λm ◦ λup = λnull ◦ (λm ◦ λup + δ̂) for every node
m of TT. It can then be shown thatλnull ◦ lim i→∞(λm ◦ λup)

i = λnull ◦ ∗(λm ◦ λup) using LRE semantics.
Also, since application ofλm involves application ofλmi for each childmi of mas discussed above, it can be
shown that(λnull ◦ λm ◦ λup)� (λnull ◦ λmi ◦ λup). Hence,

λnull ◦ ∗(λm ◦ λup) � λnull ◦ ∗(λm1 ◦ λup)

λnull ◦ ∗(λm ◦ λup) � λnull ◦ ∗(λm2 ◦ λup)

Hence from LRE semantics

(λnull ◦ ∗(λm ◦ λup))
2 � (λnull ◦ ∗(λm1 ◦ λup))

◦ (λnull ◦ ∗(λm2 ◦ λup))

But, (λnull ◦ ∗(λm ◦ λup))
2 = λnull ◦ ∗(λm ◦ λup)

sinceλnull ◦λup = λup and by Property 22 case(2). Hence, from Property 22 case(3) and the fact thatλnull ◦
λup = λup, it follows that

λnull ◦ ∗(λm ◦ λup) � λnull ◦ ∗(∗(λm1 ◦ λup)◦

∗(λm2 ◦ λup))

Also, from LRE semantics, we get for anyλ, δ̂ + ∗λ = ∗λ. Hence, using Property 22 case(4) we get for any
RLREsλ1 andλ2, ∗(∗λ1 ◦ ∗λ2) = ∗(∗λ1 ; ∗λ2) = ∗(λ1 ; λ2). Hence,

λnull ◦ ∗(∗(λm1 ◦ λup) ◦ ∗(λm2 ◦ λup))

= λnull ◦ ∗(∗((λm1 ◦ λup) ; (λm2 ◦ λup)))

= λnull ◦ ∗(∗((λm1 ◦ λup) ◦ (λm2 ◦ λup)))

= λnull ◦ ∗(λm ◦ λup) From definition

This proves thatλnull ◦ ∗(λr ◦ λup) = λnull ◦ ∗(∗(λr1 ◦ λup) ◦ ∗(λr2 ◦ λup)) wherer is the root ofTT and
r1 and r2 are its child nodes. Hence, this formalises our notion of a familiy of strategies arising from a
negation-free decomposition ofϒ.
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16 Discovering newer strategies

Given a negation-free decomposition ofϒ, use of distributivity laws of conjunction and disjunctioncan give
a variety ofTT representations. Pushing a conjunction as far down theTT with respect to disjunctions is
a good idea as then the overapproximation involves smaller sets of states corresponding to the views of the
leaves ofcurr. Additionally, use of the modified constrain operator instead of conjunction gives exact sets
of states. We now discuss a new strategy arising from this observation.

It is often the case that only a subset ofI occur in the support of theϒi ’s. This subset can then be used to
constrain the image operation of theϒi ’s. We illustrate this with an example. Letϒ = ϒ1∧ϒ2∧(ϒ3∨ϒ4), where
ϒ3 andϒ4 are constraint sets onI such that¬ϒ3→ ϒ4. Let LREsλi andλ encode the image computations
underϒi andϒ respectively. Letλi j = λi ∧ λ j . There are two ways to expressλ. We can either useλ1 =
(λ13 + λ14)∧ (λ23 + λ24) or λ2 = (λ13∧ λ23) + (λ14∧ λ24). It can be shown using LRE semantics that
λ2� λ1 and hence gives a much tighter approximation.

In addition, the modified constrain operator can be used (in place of∧) for efficient image computations.
The resulting transition tree is shown in Figure 5. We call this strategy as input constraining and have
experimented with this approach integrated with the state of the art traversal algorithms.

∨

∧

ϒ1 ↓X′ ϒ3 ϒ2 ↓X′ ϒ3

∧

ϒ1 ↓X′ ϒ4 ϒ2 ↓X′ ϒ4

Fig. 5: Transition tree forϒ1∧ϒ2∧ (ϒ3∨ϒ4)

17 Encoding Traversal Methods

We first present details about encoding the state of the art traversal methods as LREs. We also establish
correctness of the encoding by proving that LRE based encoding computes the same set of reachable states
as the respective algorithms.

17.1 Notations

The encoding follows these notations:

1. ⊤ stands fortrue
2. ⊥ stands forfalse
3. k denotes the number of projections of the state variables
4. d denotes the number of input constraints
5. αi(S0) projects the initial set of statesS0 onto the projectionπi
6. Sdenotes the State Set Vector ofn components
7. Si refers to theith components ofSwhich is labeled withLi
8. Cr refers to therth input constraint
9. [L j ,∀ j 6=i ] refers to a vectorA of labels such thatLi /∈ A and∀ j 6= i, L j ∈ A.
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17.2 Encoding MBM

The input State Set Vector hasn = 2k components which are initialised as

∀i ∈ {1, . . . ,k}, Li ←⊤

∀i ∈ {k+1, . . . ,2k}, Li ← α(i−k)(S0)

It is intuitive to consider the components∀i ∈ {1, . . . ,k}, Li as thereachedi sets and the remaining com-
ponents to store the (corresponding projections of the) initial sets of states. The order of choosing clusters
is important here since for anyi, j, W(traversei)∩R(traversej) 6= /0. So different cluster orderings could
produce different sets of reachable states.

Hence the encoding of MBM becomes

∗(traverse1 ◦ traverse2 ◦ . . . ◦ traversek) (3)

Also, the reachable set of states isRmbm=
Vi=k

i=1Si .

Lemma 24. The reachable set of states computed by the encoding 3 is equal to the reached set of states
computed by the BFS algorithm 1 i.e.αi(BFS(γ(α1(S0), . . . ,αk(S0)), [T(I ,X)]πi )) in the same number of
iterations.

Proof: We prove by induction on the number of iterations. We denote the set of states computed as reachable
in thetth iteration of the BFS algorithm 1 asreachedt .
Basis: Whent = 0, i.e. at initialisation we havereached0 = αi(S0). From the encoding, we getSi = αi(S0).
Hencereached0 = Si .

Hypothesis: Assume that at the end of thel th iteration,Si = reachedl .

Induction step: At the end of the(l +1)th iteration, for each projectioni, the algorithm computesreachedl+1 =
reachedl ∨ Img(reachedl ,ϒi). The encoding computesSi = Si ∪ Img(Si ,ϒi). From the induction hypothesis
and computation ofreachedset of states, we getreachedl+1 = Si. Hence proved.

Lemma 25. The reachable set of states computed by the encoding 3 is equal to the set of states computed
by the MBM algorithm 3. Also, our encoding takes exactly the same number of iterations for convergence as
the algorithm.

Proof: Let reachedji denote the set of reachable states of theith projection at the end of thejth iteration from
the MBM algorithm. We prove by induction on the number of iterations thatRmbm=

Vi=k
i=1 reachedci , where

c denotes the iteration at which convergence was obtained.

Basis: When j = 0, i.e. at initialisation, we have from the encoding

∀i ∈ {1, . . . ,k}, Li ←⊤

Henced,Rmbm =
Vi= j

i=1Si = ⊤. Also, from the MBM algorithm we know that∀i, reached0i = ⊤. Hence
proved.

Hypothesis: Assume that at the end of thetth iteration, we haveRmbm=
Vi=k

i=1 reachedtk.

Induction Step: Follows from Lemma 24.
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17.3 Encoding RFBF

The input State Set Vector hasn = 2k components which are initialised as

∀i ∈ {1, . . . ,k}, Li ← αi(S0)

∀i ∈ {k+1, . . . ,2k}, Li ←⊥

It is intuitive to consider the components∀i ∈ {1, . . . ,k}, Li as thereachedi sets and the remaining compo-
nents to store intermediate computations. RFBF is encoded as

λ = ∗(traverse1 ◦ . . . traversek ◦ updatelabels) (4)

∀i, traversei = (Lk+i : (ϒi ↓ [L j ∀ j 6=i, j≤k])Li ) + Lk+i : (δ)Li (5)

And, updatelabels= ◦ i=k
i=1(Li : (δ)Lk+i ) (6)

The clusters can be chosen in any order as for anyi, j, W(traversei)∩R(traversej) = /0. Also, the set of
reachable states is computed asRr f b f =

Vi=k
i=1Si .

Lemma 26. The reachable set of states computed by the encoding 5 and 6 isequal to the set of states
computed by the RFBF algorithm 4 in the same number of iterations.

Proof: We prove by induction on the number of iterationsl .

Basis: Whenl = 0, we have∀i, reachedi = αi(S0) = Si .

Hypothesis: Assume that at the end of thetth iteration, we have∀i, reachedi = Si .

Induction Step: At the end of the(t + 1)th iteration, we have from the RFBF algorithm∀i, reachedi =
reachedi ∨ Img(γ(reachedt1, . . . , reachedtk),ϒi). We know from induction hypothesis that∀i, reachedi = Si ,
and∀i, reachedti = Sk+i . So the encoding also computes the same set after the(t + 1)th iteration. Hence
proved.

17.4 Encoding TFBF

TFBF incurs a huge memory overhead as every set ofto states computed in each iteration prior to conver-
gence has to be stored. Also, every convergence check involves conjunction of theto sets stored. This would
result in huge memory blowup. In our framework, we encode only a specified number of TFBF iterations,
sayt without regard for convergence.
The input State Set Vector hasn = (t +1)k components which are initialised as

∀i ∈ {1, . . . ,k}, Li ← αi(S0) (7)

∀i ∈ {k+1, . . . ,tk+k}, Li ←⊥ (8)

It is intuitive to consider the components∀i ∈ {1, . . . ,k}, Li as thereachedi sets and the remaining compo-
nents to store theto sets of states in each iteration. TFBF is encoded as

(traverse11 ◦ traverse12 ◦ . . . ◦ traverse1k)◦ . . . ◦ (traverset1 ◦ traverset2 ◦ . . . ◦ traversetk)

traversej
i = (L jk+i : (ϒi ↓ [L( j−1)k+l ∀l 6=i ])L(i−1)k+i

) ◦ (Li : (δ)Li + Li : (δ)L jk+i )
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The clusters can be chosen in any order because the write and read sets of thetraverseik for anyk, given ani
are disjoint. Also, the set of reachable states is computed asRt f b f =

Vi=k
i=1Si.

Lemma 27. The reachable set of states computed by the TFBF encoding upto t iterations is equal to the set
of states computed by the TFBF algorithm 4 upto t iterations.

Proof: We prove by induction on the number of iterationsl .

Basis: Whenl = 0, we have∀i, reachedi = αi(S0) = Si .

Hypothesis: Assume that at the end of thel th iteration, we have∀i, reachedi = Si .

Induction Step: At the end of the(l + 1)th iteration, we have from the TFBF algorithm∀i, reachedi =
reachedi∨ Img(γ(tol

1, . . . ,to
l
k),ϒi). We know from induction hypothesis that∀i, reachedi = Si , and∀i, tol

i =
S(l−1)k+i. Hence our encoding also computes the same set after the(l +1)th iteration. Hence proved.

17.5 Encoding TMBM

TMBM is a hybrid traversal of TFBF and MBM. Its intuitive encoding description is

(TFBF f or t iterations) ◦ (updatelabels f or MBM) ◦ (MBM till convergence)

◦ (computereachablestates) (9)

updatelabels f or MBM = ◦ i=k
i=1(L(t+1)k+i : (δ)L(tk+i)

)

MBM till convergence= ∗(traverse1 ◦ . . . ◦ traversek)

∀i, traversei = (L(t+1)k+k+i : (δ)L(t+1)k+i
) ◦

∗

(
L(t+1)k+k+i : (ϒi ↓ [L(t+1)k+k+ j ∀ j 6=i ])L(t+1)k+k+i

)

computereachablestates= ◦ i=k
i=1

(
Li : (δ)Li + Li : (δ)L(t+1)k+k+i

)

The input State Set Vector hasn = 3k+ tk components and the set of reachable states is given by
Vi=k

i=1Si .

17.6 Encoding with Input Constraining

Let d be the number of input constraints.
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18 Encoding MBM with input constraining

We use the encoding intuition of having

L1to Ld For the projectionπ1 to store set of initial states

Ld+1to L2d For the projectionπ2 to store set of initial states
...

L(k−1)d+1to Lkd For the projectionπk to store set of initial states

And,

Lkd+1to Lkd+d For the projectionπ1 to store computed set of reachable states

Lkd+d+1to Lkd+2d For the projectionπ2 to store computed set of reachable states
...

Lkd+(k−1)d+1to L2kd For the projectionπk to store computed set of reachable states

We use an input State Set Vector of lengthn = 2kd, which is initialised as

∀i ∈ {1, . . . ,k},∀ j ∈ {1, . . . ,d} L(i−1)d+ j ← αi(S0)

∀i ∈ {kd+1, . . . ,2kd}, Li ←⊤

The encoding of the procedure is∗(traverse1 ◦ . . . traversek), where

∀i, traversei = ◦
j=d
j=1traversei j

∀i, j, traversei j = Lkd+(i−1)d+ j : (δ)L(i−1)d+ j

◦ ∗

(
+ m=d

m=1(Lkd+(i−1)d+ j : (ϒi ↓ [Cj ,Lkd+(p−1)d+m,p6=i])Lkd+(i−1)d+m

)

The set of reachable states is given by∨ j=d
j=1

(
Vi=k

i=1Skd+(i−1)d+ j

)
.



63

18.1 Encoding RFBF with input constraining

We use the encoding intuition of having

L1to Ld For the projectionπ1 to store current set of reachable states

Ld+1to L2d For the projectionπ2 to store current set of reachable states
...

L(k−1)d+1to Lkd For the projectionπk to store current set of reachable states

And,

Lkd+1to Lkd+d For the projectionπ1 to store newly computed set of reachable states

Lkd+d+1to Lkd+2d For the projectionπ2 to store newly computed set of reachable states
...

Lkd+(k−1)d+1to L2kd For the projectionπk to store newly computed set of reachable states

We use an input State Set Vector of lengthn = 2kd, which are initialised as

∀i ∈ {1, . . . ,k}, ∀ j ∈ {1, . . . ,d} L(i−1)d+ j ← αi(S0)

The encoding of the procedure is∗(traverse1 ◦ . . . traversek ◦ update1 ◦ . . . ◦ updatek), where

∀i, traversei = ◦
j=d
j=1traversei j

∀i, j, traversei j = Lkd+(i−1)d+ j : (δ)L(i−1)d+ j

+ + m=d
m=1

(
Lkd+(i−1)d+ j :

(
ϒi ↓ [Cj ,L(p−1)d+m,∀p6=i]

)

L(i−1)d+m

)

∀i, updatei = ◦
j=d
j=1

(
L(i−1)d+ j : (δ)Lkd+(i−1)d+ j

)

The set of reachable states is given by∨ j=d
j=1

(
Vi=k

i=1S(i−1)d+ j

)
.

18.2 Encoding TFBF with input constraining

We use the encoding intuition of having

L1to Ld For the projectionπ1 to store current set of reachable states

Ld+1to L2d For the projectionπ2 to store current set of reachable states
...

L(k−1)d+1to Lkd For the projectionπk to store current set of reachable states

Lkd+(t−1)kd+(i−1)d+1to Lkd+(t−1)kd+(i−1)d+d For the projectionπi to store theto sets computed

using thejth Input Constraint in thetth iteration
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The input State Set Vector hasn = kd+ tkd components which are initialised as

∀i ∈ {1, . . . ,k}, ∀ j ∈ {1, . . . ,d} L(i−1)d+ j ← αi(S0)

We claim that the encodingλ for t iterations of TFBF with input constraining is

λ = (traverse11 ◦ . . . ◦ traverse1k) ◦ . . . ◦ (traverset1 ◦ . . . ◦ traversetk) where,

∀i ∈ {1, . . . ,k}, traversepi = ◦
j=d
j=1(traversepi j ) such that

traversepi j = + m=d
m=1

(
Lkd+(p−1)kd+(i−1)d+ j :

(
ϒi ↓ [Cj ,Lkd+(p−2)kd+(c−1)d+m,∀c6=i]

)

Lkd+(p−2)kd+(i−1)d+m

)

◦

(
L(i−1)d+k : (δ)L(i−1)d+ j

+ L(i−1)d+ j : (δ)Lkd+(p−1)kd+(i−1)d+ j

)

The set of reachable states is given by∨ j=d
j=1

(
Vi=k

i=1S(i−1)d+ j

)
.

18.3 Encoding TMBM with input constraining

As TMBM with input constraining is a hybrid traversal of TFBFwith input constraining and MBM with
input constraining, we follow a similar intuitive encodingdescription as for TMBM

(TFBF− IC f or t iterations) ◦ (updatelabels f or MBM− IC) ◦ (MBM− IC till convergence)

◦ (computereachablestates) (10)

Following the intuition of encoding TMBM given in Equation 10 and the general encoding intuition given in
Equation??, we formalise the description oftraversei , updatelabels, updatelabels f or MBM− IC and
computereachablestatesfor TMBM based traversal with input constraining.

updatelabels f or MBM− IC = ◦ i=k
i=1(Ltkd+kd+i : (δ)Lkd+(t−1)kd+i

)

MBM− IC till convergence= ∗(traverse1 ◦ . . . ◦ traversek)

∀i, traversei = ◦
j=d
j=1traversei j

∀i, j , traversei j = Ltkd+2kd+(i−1)d+ j : (δ)Ltkd+kd+(i−1)d+ j

◦ ∗

(
+ m=d

m=1(Ltkd+2kd+(i−1)d+ j : (ϒi ↓ [Cj ,Ltkd+2kd+(p−1)d+m,∀p6=i ])Ltkd+2kd+(i−1)d+m

)

computereachablestates= ◦ i=k
i=1updatei

∀i, updatei = ◦
j=d
j=1updatei j

∀i, j , updatei j = Ltkd+2kd+(i−1)d+ j : (δ)Ltkd+2kd+(i−1)d+ j
+ Ltkd+2kd+(i−1)d+ j : (δ)Lkd+(t−1)kd+(i−1)d+ j

The input State Set Vector hasn = tkd+ 3kd components, and the set of reachable states is given by

∨
j=d
j=1

(
Vi=k

i=1Stkd+2kd+(i−1)d+ j

)
.
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19 Reachability Matrices

Given a transition systemB = (I ,X,Q,S0,T), a Reachability Matrix (RM) [22] is another framework which
permits operations over State Set Vectors. An RMM of ordern×n is a matrix withn2 terms, each (r i j , ∀i, j)
of which is an RE (possibly with¬ operator) over the setC . The REs are applied row-wise to the input State
Set Vector (of lengthn) and are aggregated to get a component of the transformed State Set Vector (also of
lengthn). Formally, letM be an RM which takesSas an input State Set Vector and computes the transformed
State Set VectorR. The application ofM onS is denoted as[[M ]] (S(X)) and is evaluated as shown

M =




r11 r12 . . . r1n

r21 r22 . . . r2n
...

...
...

. . .
rn1 rn2 . . . rnn




[[M ]] (S1(X), S2(X), . . . , Sn(X)) = (R1(X), R2(X), . . . , Rn(X)) where∀i ∈ {1,2, . . . ,n}
Ri(X) = [[ r i1 ]] (S1(X)) ∨ [[ r i2 ]] (S2(X)) ∨ . . . ∨ [[ r in ]] (Sn(X)).

19.1 Syntax of RM Expressions

Let {M1, . . . ,Mp} be a finite set ofn×n RMs overCϒ. The syntax of an RM expression, henceforth called
an RME overCϒ,n is a terminal string derived from the syntax

M→ M + M

| M ◦M

| M ; M

| ∗M

| (M)

| ¬M

| ∆
| Φ
| M1 | . . . |Mp

19.2 Semantics of RMEs

An RME M of ordern×n can be considered as a transformer of a State Set Vector of lengthn into another
State Set Vector also of lengthn. The semantics ofM is denoted as[[M ]]B : (2Q)n→ (2Q)n, whereQ is the
set of states ofB expressed as a disjunction ofk transitions. We shall henceforth omit the subscriptB when
it is clear from the context. LetS(X) be characteristic function of a State Set Vector of lengthn.

We present an inductive definition of the semantics of RMEs.

– Φ is the Additive Identity RM where∀i, j, Φi j = θ.
Define [[Φ ]] (S(X)) = (0, . . . ,0).
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– ∆ is the Multiplicative Identity RM where

∆i j =

{
δ if i = j
θ otherwise

such that[[∆ ]] (S(X)) = S(X).
– [[M1 + M2 ]] (S(X)) = [[M1 ]] (S(X)) ⊔ [[M2 ]] (S(X))
– [[M1 ◦M2 ]] (S(X)) = [[M2 ]] ( [[M1 ]] (S(X)))
– [[M1 ; M2 ]] (S(X)) = [[(M1 + ∆) ◦ (M2 + ∆) ]] (S(X))
– [[ (M) ]] (S(X)) = [[M ]] (S(X))
– Let M0 = ∆, and∀i ≥ 1, Mi = Mi−1 ◦M, then [[∗M ]] (S(X)) =

F∞
i=0 [[ (M)i ]] (S(X))

– [[¬M ]] (S(X)) = ¬ [[M ]] (S(X)) where¬ refers to component wise negation.

19.3 Operations on Reachability Matrices and Properties

We briefly describe some operations on RMEs taken from [22].

– Given two RMEsR andQ, define an RMP = R + Q, where

∀ i, ∀ j,Pi j = Ri j +Qi j

– Given two RMEsR andQ, define an RMP = R ◦ Q, where

∀ i, ∀ j,Pi j = + n
l=1Ril ◦ Ql j (11)

– Given two RMEsR andQ, define an RMP = R ; Q to be(R + ∆) ◦ (Q + ∆) .
– Definition 35. Negation free RME: An RMER is said to be negation - free if it has no occurance of the
¬ operator.
Given a negation free RME∗R, it can be shown using Arden’s Lemma [4] that it can be expressed as a
unique RMP.

20 Expressive Equivalence of LREs and RMEs

In this section, we establish the expressive equivalence ofLREs and RMEs by showing that every LREλ
overTϒ,n can be formulated as an equivalent RMEM overCϒ,n and vice-versa.

20.1 Preliminaries

Definition 36. Equivalence of an LREλ and an RMEM
An LRE λ overTϒ,n and an RMEM overCϒ,n are said to besemantically equivalent expressions, denoted

λ≃M iff for any transition system and any State Set VectorS of n components,[[λ ]] (S(X)) = [[M ]] (S(X)).

Lemma 28. Let λ be any LRE expression overTϒ,n. There exists a semantically equivalent RMEM over
Cϒ,n such thatλ≃M.

Proof. We show by induction on the structure ofλ that there exists a semantically equivalent RMEM. Define
a function

ρ : LRE→RME

which maps an LRE to its equivalent RMEρ(λ). We prove thatλ≃ ρ(λ).
Basis:
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1. If λ = i : (δ) j .
We defineρ(λ) = M such that

Mkl =





δ if k = i andl = j
θ else ifk = i andl 6= j
δ else ifk = l
θ otherwise

We claim thati : (δ) j ≃ ρ(i : (δ) j).
From the semantics of LRE,λ would be evaluated as
[[ i : (δ) j ]] (S1(X),S2(X), . . . ,Si(X), . . . ,Sn(X)) = (S1(X),S2(X), . . . ,Sj(X), . . . ,Sn(X)).
Also we know from RME semantics that
[[ρ(i : (δ) j) ]] (S1(X),S2(X), . . . ,Si(X), . . . ,Sn(X)) = (S1(X),S2(X), . . . ,Sj(X), . . . ,Sn(X)).
We see that

[[ i : (δ) j ]] (S1(X),S2(X), . . . ,Sn(X)) = [[ρ(i : (δ) j ) ]] (S1(X),S2(X), . . . ,Sn(X))

Hence provedi : (δ) j ≃ ρ(i : (δ) j ).

Note: (i : (δ)i = δ̂)≃ ∆.
2. If λ =i : (θ) j .

We defineρ(λ) = M such that

Mkl =





θ if k = l = i
δ else ifk = l 6= i
θ otherwise

We claim thati : (θ) j ≃ ρ(i : (θ) j ).
From the semantics of LRE,λ would be evaluated as[[ i : (θ) j ]] (S1(X),S2(X), . . . ,Si(X), . . . ,Sn(X)) =
(S1(X),S2(X), . . . ,0, . . . ,Sn(X)).
Also we know from RME semantics that
[[ρ(i : (θ) j ) ]] (S1(X),S2(X), . . . ,Si(X), . . . ,Sn(X)) = (S1(X),S2(X), . . . ,0, . . . ,Sn(X)).
We see that

[[ i : (θ) j ]] (S(X)) = [[ρ(i : (θ) j ) ]] (S(X))

Hence provedi : (θ) j ≃ ρ(i : (θ) j).
3. If λ = i : (ϒj)k.

We defineρ(λ) = M such that

Mkl =





ϒj if k = i andl = j
θ else ifk = i andl 6= j
δ else ifk = l
θ otherwise

We claim thati : (ϒj)k ≃ ρ(i : (ϒj)k).
From the semantics of LRE,λ would be evaluated as[[ i : (ϒj)k ]] (S1(X),S2(X), . . . ,Si(X), . . . ,Sn(X)) =
(S1(X),S2(X), . . . , ImgTR(Sk(X),ϒj), . . . ,Sn(X)).
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Also we know from RME semantics that
[[ρ(i : (ϒj)k) ]] (S1(X),S2(X), . . . ,Si(X), . . . ,Sn(X)) = (S1(X),S2(X), . . . , ImgTR(Sk(X),ϒj), . . . ,Sn(X)).
We see that

[[ i : (ϒj)k ]] (S(X)) = [[ρ(i : (ϒj)k) ]] (S(X))

Hence provedi : (ϒj)k ≃ ρ(i : (ϒj)k).

Hypothesis:Let λ1 andλ2 be two LREs overT , then there exist semantically equivalent RMEsM1 andM2

overCϒ and a State Set Vector of lengthn, whereM1 = ρ(λ1) andM2 = ρ(λ2) such that

λ1 ≃ M1, and

λ2 ≃ M2

Induction Step:
We consider the following cases:

1. Letλ = λ1 + λ2.
We defineρ(λ) = M such that

∀k≤ n,∀l ≤ n Mkl = (ρ(λ1))kl + (ρ(λ2))kl

= (M1)kl + (M2)kl

We claim thatλ≃ ρ(λ).
[[λ ]] (S(X)) = [[λ1 + λ2 ]] (S(X)) by definition of LRE semantics

= [[λ1 ]] (S(X))⊔ [[λ2 ]] (S(X)) by definition of LRE semantics
= [[M1 ]] (S(X))⊔ [[M2 ]] (S(X)) by induction hypothesis
= [[M1 + M2 ]] (S(X)) by definition of RME semantics
= [[M ]] (S(X)) by definition ofρ(λ)

Hence proved that

λ≃ ρ(λ).
2. Letλ = λ1 ◦ λ2.

We defineρ(λ) = M such that

∀k≤ n,∀l ≤ n Mkl = (ρ(λ1) ◦ ρ(λ2))kl

= + i=n
i=1[(ρ(λ1))ki ◦ (ρ(λ2))il ]

= + i=n
i=1[(M1)ki ◦ (M2)il ]

We claim thatλ≃ ρ(λ).
[[λ ]] (S(X)) = [[λ1 ◦ λ2 ]] (S(X)) by definition of LRE semantics

= [[λ2 ]] ( [[λ1 ]] (S(X))) by definition of LRE semantics
= [[λ2 ]] (R), whereR= [[λ1 ]] (S(X)) = [[M1 ]] (S(X)) by induction hypothesis
= [[M2 ]] (R) by induction hypothesis
= [[M2 ]] ( [[M1 ]] (S(X)))
= [[M1 ◦M2 ]] (S(X)) by definition of RME semantics
= [[M ]] (S(X)) by definition ofρ(λ)

Hence proved thatλ≃ ρ(λ).



69

3. Letλ = λ1 ; λ2.

Proof: Defineρ(λ) = ρ((λ1 + i : (δ)i) ◦ (λ2 + i : (δ)i)). We claim thatλ≃ ρ(λ).
We know from the induction hypothesis that

λ1 ≃ M1

λ2 ≃ M2

Also, from the basis, for any i,i : (δ)i ≃ ∆
From case 1

λ1 + i : (δ)i ≃ M1 + ∆ (12)

and,λ2 + i : (δ)i ≃ M2 + ∆ (13)

Also from case 2 and Equations 12 and 13,

(λ1 + i : (δ)i) ◦ (λ2 + i : (δ)i) ≃ (M1 + ∆) ◦ (M2 + ∆)

From the definition of RME semantics we get,

(λ1 ; λ2) ≃ (M1 ; M2)

Hence proved thatλ≃ ρ(λ).
4. Letλ = ∗λ1.

Defineρ(λ) = ∗ρ(λ1) = ∗M1 (From induction hypothesis). We claim thatλ≃ ρ(λ). From the semantics
of LRE, we know that[[∗λ1 ]] (S(X)) =

F∞
i=0 [[λi

1 ]] (S(X)). We prove by induction oni.

Basis: Wheni=0, [[λ0
1 ]] (S(X)) = [[ δ̂ ]] (S(X)). We know that the RME equivalent ofδ̂ is ∆.

Hypothesis:Assume that the RME equivalent ofλi
1 is Mi

1, 0≤ i ≤ k.
Induction step:By definition, we know thatλk+1

1 = λ1 ◦ λk
1. So,

[[λk+1
1 ]] (S(X)) = [[λ1 ◦ λk

1 ]] (S(X))

= [[λk
1 ]] ( [[λ1 ]] (S(X)))

= [[Mk
1 ]] ( [[M1 ]] (S(X))) by induction hypothesis

= [[M1 ◦M
k
1 ]] (S(X)) from RME semantics

= [[Mk+1
1 ]] (S(X)) from RME semantics

So, for anyi, if an assignment ofs satisfies( [[∗λ1 ]] (S(X)))i , then there exists an integerk (≥ 0) such
that an assignment ofs satisfies( [[ (λ1)

k ]] (S(X)))i . Since(M1)
l is the RME equivalent for the LRE

(λ1)
l ∀l ≥ 0, we have( [[ (M1)

k ]] (S(X)))i = ([[(λ1)
k ]] (S(X)))i . Hence, an assignment ofs satisfies

( [[∗M1 ]] (S(X)))i as well. Hence proved.
5. Letλ = (λ1).

Defineρ(λ) = M such that

∀k, l , Mkl = (ρ(λ1))kl

We claim thatλ≃ ρ(λ).
[[λ ]] (S(X)) = [[(λ1) ]] (S(X)) By definition ofλ

= [[λ1 ]] (S(X)) From the definition of LRE semantics
= [[M1 ]] (S(X)) From induction hypothesis
= [[(M1) ]] (S(X)) From the definition of RME semantics
= [[M ]] (S(X)) From the definition ofρ(λ)
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Hence proved thatλ≃ ρ(λ).
6. Letλ = ¬(λ1).

Defineρ(λ) = ¬M such that

∀k, l , Mkl = (ρ(λ1))kl

We claim thatλ≃ ρ(λ).
[[λ ]] (S(X)) = [[¬(λ1) ]] (S(X)) By definition ofλ

= ¬ [[λ1 ]] (S(X)) From the definition of LRE semantics
= ¬ [[M1 ]] (S(X)) From induction hypothesis
= [[¬(M1) ]] (S(X)) From the definition of RME semantics
= [[M ]] (S(X)) From the definition ofρ(λ)

Hence proved thatλ≃ ρ(λ).
7. Letλ = i : (ϒj ⇓X′ [C])k).

Let [C] = [r1, r2, . . . , rp] be a vector ofp labels.
We first prove that for anyi, j, k, if λ1 = ¬i : (δ)i andλ2 = ¬i : (δ) j , then
( [[¬λ1 + λ2 ]] (S(X)))i = Sj(X)∧Sk(X).

( [[¬λ1 + λ2 ]] (S(X)))i = (¬( [[¬λ1 + ¬λ2 ]] )(S(X)))i

= (¬( [[¬λ1 ]] (S(X))⊔ [[¬λ2 ]] (S(X))))i From LRE semantics

= ¬¬Sj(X)∨¬Sk(X) From LRE semantics

= Sj(X)∧Sk(X)

This can hence be extended top, p ≥ 2 collection ofλ j ,1≤ j ≤ p where eachλ j = i : (δ)r j , then
( [[¬( +

j=p
j=1λ j) ]] (S(X)))i =

V j=p
j=1(Sr j (X)). Hence for this case we know that[[λ ]] (S(X)) =

[[¬(¬(i : (δ)r1) + . . . + ¬(i : (δ)rp) + ¬(i : (δ)k))

◦ (i : (ϒj)i) ]] (S(X))

Construction ofρ(λ) follows from the basis, induction hypothesis and proof cases 1 and 2. Hence proved
thatλ≃ ρ(λ).

Hence proved by induction on the structure ofλ.

Lemma 29. Any n×n RMM overCϒ can be expressed as a semantically equivalent LREλ overTϒ,n given
by the following translation

λ = + i=n
i=1 λ′i where, (14)

∀i, λ′i = λi ◦ ( ◦ ∀ j 6=i j : (θ) j ) (15)

∀i, λi = λi1 + λi2 + . . . + λin (16)

λi j = β(i, r i j , j) = (i : (δ) j) ◦ G(i, r i j ) (17)
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Proof. Let R(X) = [[M ]] (S(X)). Then by definition of RME semantics,

Ri(X) = [[ r i1 ]] (S1(X))∨ [[ r i2 ]] (S2(X))∨ . . .∨ [[ r in ]] (Sn(X))

where∀i, j, r i j is an RE overCϒ. We claim thatM≃ λ.
Let Q(X) = [[λ ]] (S(X)). Then for alli, we will prove thatQi(X) = Ri(X). We know that

Qi(X) = ([[λ ]] (S(X)))i

= ([[λ′1 + λ′2 + . . . + λ′n ]] (S(X)))i From Equation 14

= ([[λ′1 ]] (S(X))⊔ [[λ′2 ]] (S(X))⊔ . . .⊔ [[λ′n ]] (S(X)))i From the definition of LRE semantics

= ([[λ′1 ]] (S(X)))i ∨ ( [[λ′2 ]] (S(X)))i ∨ . . .∨ ( [[λ′n ]] (S(X)))i From the definition of LRE semantics

We will first prove that∀ j 6= i, ( [[λ′i ]] (S(X))) j = 0

( [[λ′i ]] (S(X))) j = ([[λi ◦ ( ◦ ∀ j 6=i j : (θ) j ) ]] (S(X))) j From Equation 15

= ([[ ◦ ∀ j 6=i j : (θ) j ]] ( [[λi ]] (S(X)))) j From the definition of LRE semantics

= (R(X)) j where∀ j, Rj(X) = ([[ ◦ ∀ j 6=i j : (θ) j ]] ( [[λi ]] (S(X)))) j

= 0 From the definition of LRE semantics

Hence,

Qi(X) = ([[λ′i ]] (S(X)))i

= ([[λi ]] (S(X)))i SinceW( ◦ ∀ j 6=i j : (θ) j )∩{i}= /0.

= ([[λi1 + λi2 + . . .λin ]] (S(X)))i From Equation 15

= ([[λi1 ]] (S(X)))i ∨ ( [[λi2 ]] (S(X)))i ∨ . . .∨ ( [[λin ]] (S(X)))i From the definition of LRE semantics

= [[ r i1 ]] (S1X))∨ [[ r i2 ]] (S2(X))∨ . . .∨ [[ r in ]] (Sn(X)) From Equation 17

= Ri(X)

Hence proved.

Lemma 30. Every RMER overCϒ,n can be expressed as a semantically equivalent LREλ overTϒ,n such
that for a State Set Vector S(X) of length n and any transition system[[R ]] (S(X)) = [[λ ]] (S(X)).

Proof. We prove by induction on the structure of RMEs.
Basis: For every RM∈ {M1, . . . ,Mk}∪{∆,Φ}, the lemma follows from Lemma 29.
Induction hypothesis: Assume that RMEsR1 andR2 overCϒ,n can be expressed as semantically equivalent
LREsλ1 andλ2 repectively overTϒ,n.
Induction Step: We consider the following cases:

1. If R = R1 + R2, then we prove thatλ = λ1 + λ2.
[[R ]] (S(X)) = [[R1 + R2 ]] (S(X)) by definition of RME semantics

= [[R1 ]] (S(X))⊔ [[R2 ]] (S(X)) by definition of RME semantics
= [[λ1 ]] (S(X))⊔ [[λ2 ]] (S(X)) by induction hypothesis
= [[λ1 + λ2 ]] (S(X)) by definition of LRE semantics
= [[λ ]] (S(X))

Hence proved.
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2. If R = R1 ◦ R2, then we prove thatλ = λ1 ◦ λ2.
[[R ]] (S(X)) = [[R1 ◦ R2 ]] (S(X)) by definition of RME semantics

= [[R2 ]] ( [[R1 ]] (S(X)) by definition of RME semantics
= [[R2 ]] ( [[λ1 ]] (S(X))) by induction hypothesis
= [[λ2 ]] ( [[λ1 ]] (S(X))) by induction hypothesis
= [[λ1 ◦ λ2 ]] (S(X)) by definition of LRE semantics
= [[λ ]] (S(X))

Hence proved.
3. If R = ¬R1, then we prove thatλ = ¬λ1.

[[R ]] (S(X)) = [[¬R1 ]] (S(X)) by definition of RME semantics
= ¬ [[R1 ]] (S(X)) by definition of RME semantics
= ¬ [[λ1 ]] (S(X)) by induction hypothesis
= [[¬λ1 ]] (S(X)) by definition of LRE semantics
= [[λ ]] (S(X))

Hence proved.
4. If R = (R1), then we prove thatλ = (λ1).

[[R ]] (S(X)) = [[(R1) ]] (S(X)) by definition of RME semantics
= [[(λ1) ]] (S(X)) by induction hypothesis
= [[λ ]] (S(X))

Hence proved.
5. If R = ∗R1, we prove thatλ = ∗λ1.

From the semantics of RME, we know that[[∗R1 ]] (S(X)) =
F∞

i=0 [[Ri
1 ]] (S(X)). We prove by induction

on i.

Basis: Wheni=0, [[R0
1 ]] (S(X)) = [[∆ ]] (S(X)). We know that the LRE equivalent of∆ is δ̂.

Hypothesis:Assume that the LRE equivalent ofRi
1, 0≤ i ≤ k is λi

1.
Induction step:By definition, we know thatRk+1

1 = R1 ◦ Rk
1. So,

[[Rk+1
1 ]] (S(X)) = [[R1 ◦ Rk

1 ]] (S(X))

= [[Rk
1 ]] ( [[R1 ]] (S(X)))

= [[λk
1 ]] ( [[λ1 ]] (S(X))) by induction hypothesis

= [[λ1 ◦ λk
1 ]] (S(X)) from LRE semantics

= [[λk+1
1 ]] (S(X)) from LRE semantics

So, for anyi, if an assignment ofs satisfies( [[∗R1 ]] (S(X)))i , then there exists an integerk (≥ 0) such
that an assignment ofs satisfies( [[ (R1)

k ]] (S(X)))i . Since(λ1)
l is the LRE equivalent for the RME

(R1)
l ∀l ≥ 0, we have( [[ (M1)

k ]] (S(X)))i = ([[(λ1)
k ]] (S(X)))i . Hence, an assignment ofs satisfies

( [[∗λ1 ]] (S(X)))i as well.
Hence proved.

Theorem 16. Every LREλ overTϒ,n can be expressed as a semantically equivalent RMEM overCϒ,n and
vice versa.

Proof. Follows from Lemma 28, Lemma 29 and Lemma 30. Hence, LREs and RMEs are expressively
equivalent.
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Corollary 5. Every negation free and constrain free LREλ overTϒ,n can be expressed as a semantically
equivalent negation free RMEM overCϒ,nand vice versa.

Proof. Follows from Theorem 16.

Lemma 31. Every negation free and constrain free LREλ over Tϒ,n can be expressed as a semantically
equivalent negation free RMEM over Cϒ,n but there is atleast one RMEM with negation which is not
semantically equivalent to an RMM′ overC .

Proof. Follows from Corollary 5 and properties of RMEs listed in Section 19.3. The expressive equivalence
of LREs and RMEs follows from Theorem 16. With the negation operator RMEs are strictly more expressive
than RMs. We illustrate this with an example.
Consider a State Set VectorS= {S1,S2} with 2 components. Let

M1 =

(
δ θ
θ θ

)

and

M2 =

(
θ δ
θ θ

)

Consider the RME¬(¬(M1) + ¬(M2)). Evaluating this RME onSgives

[[¬(¬(M1) + ¬(M2)) ]] (S(X)) = ¬( [[¬(M1) ]] (S(X))⊔ [[¬(M2) ]] (S(X))) From the definition of RME semantics

= ¬(¬S1(X),1)⊔ (¬S2(X),1) From the definition of RME semantics

= ¬(¬S1(X)∨¬S2(X),1)

= (S1(X)∧S2(X),0)

This RME¬(¬(M1) + ¬(M2)) cannot be expressed as a RM. LetR be a 2×2 RM such that[[R ]] (S(X)) =
(S1(X)∧S2(X),0). We want to determiner i j , ∀i, j. In other words, determine

[[ r11]] (S1(X))∨ [[ r12]] (S2(X)) = S1(X)∧S2(X) and, (18)

[[ r21]] (S1(X))∨ [[ r22]] (S2(X)) = 0 (19)

Equation 19 has a trivial solution:r21 = r22 = θ. Equation 18 has no solution.

21 Effect of negation operator

It is more intuitive to view the framework of REs, LREs and RMEs as a mechanism to specify a sequence
of image computations over certain sets of states. So these frameworks allow us to talk about sequences of
image computations rather then a single image operation. This allows us to consider these frameworks as a
language which permits image computation operations over subsets ofQ. Each image computation sequence
can be thought of as a word of a language whose alphabet contains the individual image operations which are
used to for the sequence. For instance, the+ operator can be viewed as the union operator in any language,
the ◦ operator performs concatenation of two strings, while the∗ operator performs Kleene closure. But
with the negation operator, the effect of evaluating the negation is on the result obtained by the application
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of that image sequence rather than over the image sequence itself. We illustrate this point with an example
of the STD of a transition system shown in Figure 6. Given the characteristic functionS(X) of a set of states
S, let σ̃ be the image computation sequence not allowed byσ, then in general

[[¬σ ]] (S(X)) 6= [[ σ̃ ]] (S(X))

[[¬σ ]] (S(X)) = ¬ [[σ ]] (S(X)) From the definition of RE semantics

For handling languages that allow the negation operation, we would require using a much richer theory of
µ− calculus.

q 0

T 1

q
1

T 1

Fig. 6:Effect of Negation operator

Consider Figure 6, let the state markings refer to their characteristic functions. Suppose we want to evaluate
¬(∗ϒ1) on the characteristic functionq0 of the initial set of statesS0, we get,

[[¬(∗ϒ1) ]] (q0) = ¬ [[∗ϒ1 ]] (q0)

= q1

Whereas[[ ∗̃ϒ1 ]] (q0) = 0

22 Experimental results and Discussion

We have described how several strategies can be encoded as LREs. To evaluate the effectiveness of our ap-
proach, we have implemented an interpreter for LREs on top ofthe BDD-based reachability analysis engine
NuSMV [14]. It takes as inputs: (i) a description of a booleandecomposition of the transition relation, (ii) an
LRE, and (iii) an initial set of states. Figure 7 shows the Layered Architecture of our generic framework.
The reachability engine of NuSMV at the backend is used for image computations. We believe that it should
be possible to integrate our framework with other backend engines in future. The middle layer provides
some book-keeping and set-theoretic functionality used tocompute the set of reachable states. The topmost
interpreter layer allows us to writemeta-programsas LREs encoding search strategies.

Our framework allows more ease in experimenting with different search strategies. Implementing such
a framework in NuSMV would require lot of familiarity with the functions available and parameter passing
required. In comparison, we believe that learning to use LREs is much easier, more intutive and less cum-
bersome. Additionally, every LRE can be shown to be equivalent to a set of equations in modalµ-calculus.
Hence, a modalµ-calculus prover can be integrated to our framework to assist in checking certain kinds of
relations (containment, entailment and equivalence) between the semantics of two LREs. This would also
help to check if the semantics of an LRE is correct by checkingits relation in thisprovercomponent with the
vanilla strategies which are known to be computationally inefficient for large circuits. Our implementation
currently does support this prover component.
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Optimizer Prover Component

Print Implication

Reachability Engine (NuSMV)

Book-keeping & Set-theoretic operations

LRE Interpreter

λ
λopt

λ′ {←,→,↔}

N

Y

λopt

Fig. 7: Layered framework architecture

We report reachability analysis results of the algorithms from [12] using overlapping projections of the
state variables on some large circuits of the publicly available ISCAS-89 benchmark suite. In addition, we
also compare these with the results of using the new strategyof input constraining. All our experiments
were conducted on a 1.66GHz Intel Pentium-IV processor with512MB main memory, and running Fedora
Core Linux 3.4.3-6.fc3. Table 1 presents details of reachability analysis performed using our tool on some

Circuit PI FF projections TMBM TMBM-input constraining Relative gain
BDD reach time BDD reach time

s13207.v31 669 47 219769 1.03e-1151427.4 455164 1.39e-125 5844 1.35e-10
s15850.v14 597 64 496117 2.81e-1013095.3 851332 3.32e-1106136.2 1.18e-09
s38584.v12 1452 205 235198 4.93e-57 7996.9 14103625.25e-61 9343.4 1.06e-04
s35932.v35 1728 54 10156393.99e-7125811.421943692.93e-7851362.6 0.73e-07

Table 1: Comparison of reachability analysis with and without input constraining

large circuits from ISCAS-89 benchmark suite. The columns of PI, FF and projections refer to the number
of primary inputs, state variables and projections respectively. The projections were provided to us by the
authors of [18] and are the same ones used by them. All the circuits were traversed using the TMBM [12]
approach using 10 iterations of TFBF initially. We also encoded and experimented with other strategies
discussed in [12], all of which show comparable reachable state sets, but involve overheads of time and
BDD sizes. Setting up our experimental framework takes onlyaround a couple of hours for each circuit
in contrast to building custom reachability analyzers using either NuSMV or VIS which in our experience
takes much longer time. In addition, our framework also allows us to ensure the correctness and soundness
of the encoded strategies. We also report results of using the idea of input constraining on these circuits.
Columns BDD, reach and time refer to the Peak BDD count, reachable fraction of the state space and
traversal time (in seconds) respectively. The last column shows the relative gain of using input constraining.
Without input constraining, our tool gives reachable fractions comparable to those reported in [18] except
for the circuit s15850.v where use of a different cluster ordering gives us tighter overapproximation. For
the largest circuit, s35932.v, Govindarajuet al. in [18] don’t report any results. We observe that our tool
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requires more BDD nodes than in [18] which can be attributed to the book-keeping operations involved, or
use of a different BDD package in [18], or some heuristic optimizations unreported in [18]. As was expected,
both the peak BDD count and time taken show sharp increase with the use of input constraining. Note that
lower this fraction, tighter is the approximation of the reachable state space computed. We report orders of
magnitude improvement for most of the circuits with the use of input constraining. The tool is available at
htt p : //www.c f dvs.iitb.ac.in/ ∼ seetha/FMCAD07/nusmvdp/.

The dependency plot shown in Figure 8 between the next and thecurrent state variables in the circuit
s35932.v, reveals a lot about the structure of this circuit.We observed that the circuit is built up of nine
boxeswhich are functionally equivalent. In each of the nine boxes, we were able to identify 6 groups of state
variables which have have similar next state equations as their corresponding groups in other boxes. Only
the state variables belonging to the first box depend on the PIs.

 0

 200

 400

 600

 800

 1000

 1200

 1400

 1600

 0  200  400  600  800  1000  1200  1400  1600

C
ur

re
nt

 s
ta

te
 v

ar
ia

bl
es

Next state variables

Dependency of State Variables

"s35932-dep-matrix"

Fig. 8:Dependency Plot of s35932.v

We have used each group of variables as a partition of the circuit and have hence got 54 clusters in
this circuit, which incidentally is also the same number of clusters mentioned by Choet al. in [12] but like
Govindarajuet al. in [18], we were also unable to generate 54 clusters based on the partitioning strategy
proposed by Choet al. in [12]. To generate projections for our experiment with this circuit, we chosen
some random state variables as the overlapping variables across the disjoint partitions. We are yet to fully
investigate the benefits of such a regular structure which can be exploited to get better traversal results.
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22.0.1 Identifying constraints on PIs In order to identify constraints to be imposed on the PIs, we ob-
served the dependency plot between the next state variablesin the circuit and the PIs. Shown in Figure 9
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Fig. 9:Dependency on PI in s13207.v

is the dependency plot of the state variables in circuit s13207.v on its PIs. It is easy to see that there are
certain groups of PIs which affect only a particular subset of state variables. Such plots can be indicative of
the input constraints that can be imposed to tighten the overapproximation. For instance, from the figure 9,
we see that a subset 5 PIs numbered from 23 to 27, affect only a very small part of the state space (State
variables numbered 212 to 250). We used 4 PIs from this subsetto generate the constraints and tried out all
the 16 possible combinations of the PIs. Other subsets of PIsthat can be used to generate constraints could
also be PIs numbered 21 and 22 which also affect only a small subset of next state variables.

For all the circuits we ran our experiments on, we restrictedourselves to the use of constraining atmost
4 PIs from any subset of PIs chosen to impose constraints.

23 Conclusions & Future work

In this report, we presented an extension of Thomas et al’s work [32] on reachability expressions, and
showed how negation-free decompositions of a circuit’s transition relation can be used to systematically
derive and discover LREs encoding strategies for computingthe set of reachable states. Encoding such
strategies as LREs gives the unique advantage of being able to do comparative reasoning in a formal setting.
It also allows implementing these strategies quickly usingour tool. Thus it achieves the dual goal of easy
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implementation and formal reasoning about alternative search strategies. However, there are limitations of
LREs as well. Since each LRE encodes a static order of computing images and combining them, we are
currently unable to encode strategies that adapt on-the-fly. Similarly, the restriction of using only a finite
pre-determined number of labels/tags imposes restrictions on encoding strategies like full-blown TFBF [12]
or pure depth-first search. We intend to augment the expressive power of LREs to be able to capture such
strategies as well, while being able to efficiently decide implication and equivalence checking between LREs.
The latter is important in order to check the soundness and completeness of new strategies encoded as LREs.
We hope that the framework of LREs will eventually help designers and verification engineers easily encode
their intuitions into search strategies, and also help discover new provably correct strategies for reachability
analysis.

24 Syntax Directed Translation and Reachability Operators

In this chapter, we detail the syntax directed translation of LREs using the reachability operators used by our
implementation framework.

LE→ L : (E)L {LE.code= $L1.index : E.code($L2.index)}
| LE + LE {LE.code= union(LE1.code,LE2.code)}
| LE ◦ LE {LE.code= f ix( f ix($,LE1.code,1),LE2.code,1)}
| LE ; LE {LE.code= f ixU( f ixU($,LE1.code,1),LE2.code,1)}
| ¬LE {LE.code= compl(LE1.code)}
| (LE) {LE.code= LE1.code}
| #LE {LE.code= f ixU($,LE1.code, in f )}

E → ϒj {E.code($i) = img($i, j)}
| ϒj ↓ [C] {E.code($i) = imgmc($i,C.code, j)}
| δ {E.code($i) = $i}
| θ {E.code($i) = /0}

C → L,C {C.code= $L.index,C.code}
| L {C.code= $L.index}

L → Li {L.index= i}

24.1 Operators and Functions used

1. fixU(S,op,count): Return value:S∪op(S)∪op2(S)∪ ...∪opcount(S).
2. fix(S,op,count): Return value:opcount(S).
3. union(S1,S2) : Return value: Computes component wise union of the State Set VectorsS1 andS2.
4. compl(S1): Return value:U \S1 , computes set difference of State Set VectorU (each component of

which isQ) andS1.
5. img(S, cnum): Returns the image of the set of states S computed using the BFV of thecnumth cluster.
6. imgmc(S, Svector, cnum): Returns the image of the implicit conjunction of the set of states S and a

vector of sets of states under the BFV of thecnumth cluster using multiple constrain operator.
7. null vector(): Return value: returns a State Set Vector all of whose components are/0.

Note that we use $j to refer to thejth component of the context State Set Vector.
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24.2 Evaluation algorithm for LREs

vector * eval(char * cmd, vector * S) {
subcmd[] = parse(cmd);

if(subcmd[0] == fixU) {
count = subcmd[3];
S_1 = eval(subcmd[1],S);
do{

if(count != infinity)
count--;

S_2 = eval(subcmd[2],S_1);
S_1 = S_1 U S_2;

}while(doesnt_change(S_1) & count >= 0)
return S_1;

}

if(subcmd[0] == fix) {
count = subcmd[3];
S_1 = eval(subcmd[1],S);
do {

if(count != infinity)
count--;

S_2 = S_1;
S_1 = eval(subcmd[2],S_2);

}while(S_1 != S_2 & count >= 0)
return S_1;

}

if(subcmd[0] == Union) {
S_1 = eval(subcmd[1], S);
S_2 = eval(subcmd[2], S);
S_1 = S_1 U S_2;
return S_1;

}

if(subcmd[0] == compl) {
S_1 = eval(subcmd[1], S);
S_2 = U \ S_1;
return S_2;

}

if(subcmd[0] == $i: Img) {
label = i;
cluster = subcmd[2];
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trans_vector = make_bfv_vector(cluster);
S_1 = S;
Scomp = eval_comp(subcmd[1], S);
Simage = Image(Scomp, trans_vector);
S_1[label] = Simage;
return S_1;

}

if(subcmd[0] == $i: Imgmc) {
label = i;
S_1 = S;
Scomp = eval_comp(subcmd[1], S);
cluster = subcmd[subcmdlength-1];
trans_vector = make_bfv_vector(cluster);
index = 2;
do {

Sconstraint = eval_comp(subcmd[index], S);
index++;
add_to_list(constraint_list, Sconstraint);

}while(index != subcmdlength-2)
Simage = Imagemc(Scomp, constraint_list, trans_vector);
S_1[label] = Simage;
return S_1;

}

if(subcmd[0] == D) {
return S;

}

if(subcmd[0] == B) {
S_1 = null_vector();
return S_1;

}

if(subcmd[0] == $i:-) {
label = i;
S_1 = S;
S_1[label] = I_0;
return S_1;

}

if(subcmd[0] == $i: $j) {
label = i;
S_1 = S;
S_1[label] = S[j];
return S_1;
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}

if(subcmd[0] == $i: b) {
label = i;
S_1 = S;
S_1[label] = set_empty();
return S_1;

}

if(subcmd[0] == $i: t) {
label = i;
S_1 = S;
S_1[label] = set_tautology();
return S_1;

}

}

set * eval_comp(char * subcmd, vector * S) {
index = get_index(subcmd);
return S[index];

}
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