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Abstract. Symbolic reachability analysis of large sequential citgig a computationally hard problem.
Approximate techniques tradeoff precision for scalapitiy devising new ways of computing approx-
imate images efficiently. Each new technique, however,iregunon-trivial work to be implemented in
frameworks like NuSMV or VIS. In addition, the soundness andpleteness of a new technique is
often left unverified. In this report, we propose Labeled ¢hedility Expressions (LRE) as a generic
framework for expressing, reasoning about and implemgrditarge family of symbolic reachability
techniques, including exact and approximate ones. We sbanalBoolean decomposition of the transi-
tion relation can be used to discover and optimize LREs thpture the spirit of the decomposition. We
discuss properties of LREs that allow us to reason about teeiectness, and also permit comparison
of alternative techniques expressed as LREs. We have ba@iDR-based tool on top of the public-
domain symbolic model checker NuSMV, that can interpret EREgive custom symbolic reachability
analyzers. We illustrate the effectiveness of our apprdmcimplementing state-of-the-art approximate
reachability algorithms and a few new ones simply by feedipgropriate LRES to our tool.

1 Introduction

Finding the set of reachable states of a circuitreachability analysisfinds diverse applications in VLSI
CAD, including synthesis, optimization, formal verificati and testing. Existing symbolic reachability an-
alyzers either use BDD [6] or SAT based techniques [1, 11§ combination of both [19, 10]. BDD-based
techniques[12, 21, 33, 27, 18] are eventually limited by ragnn practice. SAT-based algorithms [2, 5, 34]
generally scale much better for shallow bug-hunting in dairgdustrial circuits, although optimized BDD-
based techniques have also been reported to be effectighdétiow bug-hunting [7]. Recent research has
also shown how SAT solvers can be used to compute intergolanapproximate reachability analysis of
large circuits [25]. As the number of state variables inse=a the computational difficulty of searching the
exact reachable state space increases roughly expomertias makes exact reachability analysis imprac-
tical for large circuits. Consequently, several approxen&chniques have been proposed for searching a
circuit’s state space. Successful search techniques mftenporate a designer’s intuition about how a cir-
cuit's state transition behaviour can be thought of as beemyposed of state transition behaviours of smaller
components. In this report, we present a framework for disdag, implementing and reasoning about a
large class of such search techniques, focussing on BDRilhaskniques.

A sequential circuit is a 6-tuplB = (I, X,0,S, T,A) wherel is the set of primary input is the set of
present state variable®,is the set of primary output&y is the initial set of stated] is a|X|-dimensional
vector of next-state functions, ardis a|O|-dimensional vector of output functions. TH& component of
T gives the next state functioh(l, X) for X;. For purposes of our discussion, the set of primary outpgts a
of no concern, and henceforth we will ignore the set of priyrartputs and\.

Given a sequential circuit, its transition relation is giviey Y{(I,X,X') = /\‘J-X:‘lx’j « T;(1,X), where
X' denotes the value of state variabdez X in the next state. LeS(X) be the characteristic predicate



of a set of states. The image 6fX) underY{(l,X,X’), denotedimg(S(X), Y(I,X,X")), is computed as
AX". 3L X (Y[, X, X" AS(X)). Starting from an initial set of stat&g(X), the exact set of reachable states of
B can be computed as the least fixpqift(So(X) vV Img(S(X), Y(I, X, X"))). Unfortunately, in most practical
circuits, the state variable count runs into thousands aemendering the computation whg(S(X), Y(I, X, X"))
difficult in practice. In addition, the total number of stepguired to compute the above fixpoint can also be
large, leading to computational bottlenecks in computirgexact reachable state set.

A variety of reachability analysis techniques for sequantircuits work by decomposing the transition
relationY{1, X, X") either disjunctively or conjunctively. Such decomposisdave been used primarily for
two purposes: (i) to optimize the image computation stepsifigle sequential machine [21, 33, 8, 27,9, 20,
16, 28-30, 26], and (ii) to decompose a single machine intlipieisubmachines, which are then analyzed
independently or in an interleaved manner according to talsle schedule [26, 30,29,12,18,17]. In this
report, we primarily focus on submachine based traversartigues using BDDs.

Submachine-based techniques that project states on & siilstate and auxiliary variables [12, 18, 17]
effectively exploit the conjunctive form of(l,X,X’). Typically, each projection is represented separately,
and their conjunction gives the best overapproximatiorhefreachable state set. Chbal. presented an
automated state space decomposition method in [13] thdtipes submachines with disjoint state variables.
These are then traversed in carefully interleaved waysHtapete over-approximations of the reachable state
space [12,13]. Two classes of approximate methods werednted in these worksdachine By Machine
(MBM) and Frame By FramgFBF). Govindarajiet al. [18, 17] subsequently extended these techniques
by allowing overlapping projections in which a state vak&atan belong to multiple submachines. This led
to significant improvements in accuracy. We will use thesedrsal techniques as examples later in our
discussion to demonstrate the effectiveness of our framewo

Our work extends and builds on Thometsal.'s work [32] in which reachability expressions were in-
troduced as a framework for expressing and reasoning aleantts methods for asynchronous systems. A
significant limitation of reachability expressions is thi@ability to simultaneously express multiple reach-
ability computations over different but possibly correldistate sets. Yet another limitation is their inabil-
ity to describe complements of state sets. This makes itdiffto express several interesting reachability
techniques that involve traversal of multiple interactswomachines. In this report, we propose Labeled
Reachability Expressions (LRE) to overcome these linttedj and significantly expand the applicability of
the basic reachability expressions formalism.

Our primary contribution is in presenting a richer frametvtitan that proposed in [32] for expressing
a diverse range of search strategies, including those thai@ amenable to any natural description using
reachability expressions. This allows us to discover, egprreason about and easily implement a large
family of symbolic reachability techniques, both approgieand exact, using either a single machine or
multiple submachines. As an application, we show how a l@woliecomposition of a circuit’s transition
relation can guide the discovery of approximate and exadtrability analysis techniques using LREs. This
not only leads to well-known techniques like MBM but alsoativs open the possibility of new approximate
state space traversal techniques, one of which is discuasgdWe present some properties of LREs (not
all of which coincide with properties of reachability expséons as in [32]) that allow us to reason about
the correctness of reachability analysis techniques, #&a@ermit comparison of alternative techniques.
We have built a BDD-based tool on top of the public-domain lsglic model checker NuSMV, to give
custom symbolic reachability analyzers. We present ourainéxperimental findings to demonstrate the
effectiveness of our approach.



2 Definitions

We consider synchronous sequential circuits composedrabamtional gates and flip-flops. All flip-flops
are controlled by the same clock. We assume that all flip-figpsbe reset to a given state.

Definition 1. A Finite State machine (FSM) representation of a sequeditialit M, is a Mealy machine
given by

B=(1,0,X,Q,%,T,A) 1)
where

— 1 ={i1,iz,...,iq} is a set of boolean valued Primary Inputs

— O={o01,0z,...,0m} is a set of boolean valued Primary Outputs

— X={x1,%,...,% } is a set of boolean valued (current) State Variables.

— A state of machin®/ is defined by the boolean values of the state variahles. ,X . LetQ be the finite
set of states of the machime

— Sis the set of initial states of the machiBe

— T is a vector of ofl next state functions such thst € {1,...,1}, theit" component ofT denoted
T :{0,1}9x {0,1}' — {0,1} is the next state function for the state variakledenotedx, < Ti(I,X)
wherex is the next state variable correspondingito

— A is a vector ofm output functions such thati € {1,...,m}, theit" component ofA denoted :
{0,1}9x {0,1}' — {0,1} is the output function for the Primary Outpait

For our application, we ignore the vect@rand the output function vectdx. Henceforth, we will use a
5-tuple FSM representation

B=(1,X,0,%,T) (2)

Example 1.ConsiderB = ([i1,i2], [X1,X2,X3,X4], Q, {=X1 A =X2 A =X3 A =Xa}, [i1 AXy + X2, =X2 4+ X3 A
—X4, i1 A2 + —X1, —X4]). B represents a sequential circuit with two Primary Inputsandiz and has four
State Variablesty, X2, X3 andxy. It has a single initial statex; A =Xz A =Xz A —Xq Which is the all-zero state.
The last tuple is a vector of next state functiohiaving one entry for each next state functiorBof

Xll = T1(|,X) =i1AX1 + X2

XIZ = T2(|,X) = —Xp + Xg A X4

Xé = T3(|,X) =i1 Al + =X
Definition 2. Boolean Function Vector (BFVAny multiple output boolean function can be represented as
a vector of single output boolean functions which is call&balean Function Vector (BFV).
Example 2. Tin Definition 2 is a BFV of the next state functions of a seqigmircuit.

Definition 3. Sets and Characteristic Functionset Sbe a set of states such tf&€ Q. The characteristic
function of Sis the function

S(X): Q—{0,1} defined byS(X)(x) =1if x e S, §(X)(x) = 0 otherwise

A characteristic function is simply a functional represgitn of a subset of a set.
Note: Given a sequential circuit withstate variables, characteristic function of the set oftalles i.e. the
universe{0,1}' is 1 and characteristic function fis 0.
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Definition 4. Support of a boolean functiohet f : {0,1}° — {0,1} denote a non-constant Boolean func-
tion of b variabled, ..., t,. We say thatf depends ot iff f|;, # f|-. We define the support df, denoted
Suff), as the set of Boolean variabléslepends on.

Example 3.Consider a boolean functioh= x;—x2 + —x1x3. Then,Sug(f) = {Xq,%2, X3}

Definition 5. State Transition Diagram (STDBiven an FSMB = (1,X,Q, S, T), its State Transition Dia-
gramis a graple = (V,Vp,E), where

— V = Qis the set of vertices of the graph
— Vo C V is the set of start vertices of the grapg,= S
— E=V xVisthe setof edge¥s;, s, € Q,(s1,%) € Eif T(i,s1) = s, whereiel

Example 4.For the sequential circuit in Example 1, the correspondif® & shown in Figure 4.

00/01/10 00/01

11

00/01/10

11

Fig. 1: STD for Example 1

Definition 6. Reachable StateSiven an FSM representati@= (1, X, Q, S, T) of a sequential circuit, the
set of states that can be reached by application of all inpgences from the set of initial stat&y)(are
calledreachable Reachability Rcan be defined as a relati®C Q x Q such that

VseQ,(s,s) ER A
V1,52, € Q,((s1,%2) € A (s2,%3) €R) — (s1,%) € R

Example 5.For the sequential circuit in Example 1, the set of reachstaites is
{00000101,0111,1000101011011111.

Reachability Analysis is a decision problem which checlesspecified set of states is reachable or not. Using
the STD representation, this reduces to being the probletravérsal of the STD from its initial states to
determine which states are reachable. But, such an exgtajth representation may not be practical for
large sequential circuits with a large number of flip-flops.



Definition 7. BDD (Binary Decision Diagram)A BDD (proposed by Lee [23] and later Akers in [3]) is
a data structure used to represent a Boolean function. Adaodiunction can be represented as a rooted,
directed, acyclic graph, which consists of decision nodestao terminal nodes called O-terminal and 1-
terminal. Each decision node is labeled by a Boolean variabtl has two child nodes called low child and
high child. The edge from a node to a low (high) child représem assignment of the variable to 0 (1).
Such a BDD is calledrderedif different variables appear in the same order on all patbsfthe root. In
this report we use the term BDD to refer to OBDD.

Example 6.Shown in Figure 6 is a BDD for the next state equatibe= i1x; + 2. We use the variable order
i1 <liz2 < X1 < X2 <X3< X4

Fig. 2: BDD for Example 1

Definition 8. Monotonic FunctionGiven a domairH, a functionf : H — H is said to be monotone iff for
allx,y e H, x<yiff f(x) < f(y).

Definition 9. Transition Relation representatiorGiven a BFVT(I,X) of lengthl, where eactvi, T, :
{0,1}9x {0,1}' — {0,1}, the corresponding transition relation of the sequenii@u is represented as
A:{0,1}9x {0,1} x {0,1}' — {0,1},i.e.

ALX X)) = A\ (K< Ti(l,X))

1<j<l

Definition 10. Given a set of state variables X, characteristic functidX Sof a set of states S and a set of
k projections of the state variabldsy, T, ..., Tk}, the projection operatora; projects $X) ontoTs.

Vie{1,2,...,k} ai(S(X))=3IX\ 1 SX)
= 3 S(X)
Example 7.Let X = {X1,X2,X3}, S(X) = =X1 V x2 A =xz andP = {1y, o} wherety = {x1,%} andm =
{X2,X3}. Then
a1(S(X)) = ax(=X1 VX2 A —1X3)
= X3 (X1 V X2 A —X3)
=X VX



and,

02(S(X)) = a2(=X1 VX2 A —X3)
= 3xq (—|X1\/X2/\ —|X3)
=1

Definition 11. Given a set of state variables X, characteristic functiod Sof a set of states S and a set of k
projections of the state variabldsu, 1o, ..., Tk}, theabstraction operatora projects $X) onto the various
j's as

a(S(X) = (a1<s<><>>,...,ak<s<><>>)

Definition 12. Given a characteristic function(X) of a set of states S and a set of k projections of the state
variables, theconcretization operatory conjoins all the k projections

i=k
v(al(s(x))»az(s(x)), e 7Gk(5(x))> = A ai(S(X))
i=1

Example 8.From Example 7 we know that; (S(X)) = —x1 V X2 andaz(S(X)) = 1. So,

(a1 (S(X)), 02(S(X))) = a1(S(X)) Aaz(S(X))
= (—|X1 \/Xz) ALl
= X1 VX2

3 Notations

We list the notations used in this report.

1. I, X andX’ denote sets of boolean valued Primary Inputs of cardingliboolean valued Current State
Variables of cardinality and boolean valued Next State Variables of cardin&ligspectively.

. 'Y denotes a set of free variables.

SR,... denote sets of states such tBaR C Q.

. §(X) denotes the characteristic function of the set of st&tes

. T(1,X) denotes a BFV of length

I”=1UY is a set obtained by the union of the seendY.

. 1denotegautology

. k denotes the number of projections of the set of state vasdbl

ONO U WN

4 Approximations using projections of state variables

Lemma 1. Let §(X), $(X) be characteristic functions of sets of statgsaid $ respectively. Thei,
S1(X) = S(X) = ai(S(X)) — ai(S(X)).

Proof: Follows from the monotonicity of the projection operatomwhich is based on existential quantifica-
tion. Hencevi, a; is a monotone function.



Example 9.Let $;(X) = —x; and$(X) = —x1 V X2 A —X3. Then,
a1(S1(X)) = Ia(—x1) = %1
Gl(SZ(X)) = E|X3(ﬂX1\/X2/\ﬂX3) = X1V X2
Hence a1(Si (X)) — a1(S(X))

02(Si (X)) = Ia(—x) =1
02(S(X)) = (X1 VX2 A—X3) =1
Hence 02(Si (X)) — 02(S(X))

Lemma 2. Let §(X), S(X) be characteristic functions of sets of statgsaid $ respectively. Theni,
ai (S1(X) V(X)) = ai(S1(X)) V i (S(X)).

Proof: Projection is based on existential quantification whichriistes overv. Hence, the projection op-
erator also distributes ovet.

Example 10.From Example 9, we know that

01(81()() \/Sz(X)) = Gl(ﬂX1VﬂX1\/X2/\ﬂX3)
= Gl(ﬂX1VX2/\ﬂX3)
= Xz (X1 V X2 A —X3)
= X1 VX2

01(S1(X)) Vai(S(X)) = a1(—x1) Vo (—x1 VX A —X3)
= Ixz(—Xq) V IXa(—X1 V X2 A —X3)
= X1 VX1 VX2
= X1 VX2
Hencea1(S(X) V(X)) = a1(Si(X)) v a1(S(X))

Lemma 3. Let §X) be the characteristic function of a set of states S, ard fy, T,..., Tk} be a set of
projections of the state variables. Thefie {1,2,...,k},

S(X) = ai(§(X))

Proof: Follows from the fact of predicate logic that for any functip(A), @ — Ix @ wherex C A and also
that the projection operatot; is based on existential quantification.

Lemma 4. Let SX) be the characteristic function of a set of states S, ard fy, T,..., Tk} be a set of
projections of the state variables. Théfic {1,2,...,k},
S(X) = y(a(S(X)))
= y(ax(S(X)),. .., ak(S(X)))

Proof: From Lemma 3, we know that € {1,2,... k},S(X) — ai(S(X)). Using the fact from propositional
logic thatAi (r — g;j) implies thatr — Ajqg;. Hence S(X) — y(01(S(X)), ..., 0k(S(X))).



Note: From Lemma 4, we can conlude that projecting a set of staf¥$ onto a collection of projec-
tions using thex; operator and then concretizing the projections usingytioperator results in an over-
approximation.

Lemma 5. Let S be any set of states. Thens=RS, C) forms a complete lattice under the join operation of
set union and under the meet operation of set intersection.

Definition 13. Let §X) be the characteristic function of a set of states S &(ldX) be a BFV of length |,
then the image of(X) underT (I, X) is computed as

j=I
Img(S(X), T(1,X)) = AX' 31, (s<x> A < T, x>>)
j:l

This produces a predicate with supporh The resulting predicate iff Vj € {1,...,1} xj is in the image
of S(X) underT; (I, X).

Definition 14. Let SX) be the characteristic function of a set of states S AfldX,X’) be the transition
relation of the sequential circuit, then the image ¢K$underA(l, X, X’) is computed as

Imgrr(S(X),A(1,X, X)) = 3, 3X ( /=\ X < Tj(1,X)) )

This produces a predicate with supporihwhich is true iffvj € {1,...,1} xj is in the image oB(X) under
A1, X,X').

Lemma 6. Let SX) be the characteristic function of a set of statesT8, X) be a BFV of length |, and
A(1,X, X") be the transition relation equivalent df(1, X), then

Img(S(X), T(I,X)) = Imgrr(S(X),A(l, X, X))
This follows from the definitions of themg andImgrr operations.

Lemma 7. LetT(l,X) be the BFV for a sequential circuit and(&) and $(X) be characteristic functions
of sets of states;&nd $ respectively such thag 8X) — S(X). Then, ImgS; (X), T(1,X)) — Img(S(X), T (1, X)).
In other words, Image computation is a monotone function.

Proof: The image of5;(X) underT (I, X) is defined as

Img(S1(X), T(1,X)) = AX" 31, IX S(X)A (X' =T(1,X))
= M3, 3IX SX)AX =T(1,X))  (SinceSy(X) — S(X))
= Img(S(X),T(l,X)) Bydefmmon of image o5 (X) underT (1, X).

A
A

Hence, Image computation is a monotone function.

Theorem 1. The set of reachable states of a sequential circuit can bepatea by BF£%, T) described in
Algorithm 1 [33].

Proof: Itis a well known result and a proofis in [33].



Algorithm 1 Symbolic BFS Travers@FS S, T)

1: reached= S

2: loop

3. old_reached= reached

4:  reached=reachedv Img(reachedT)
5. if old_reached=reachedthen

6: returnreached
7

8:

end if
end loop

Definition 15. Given a projectior, of the state variables, characteristic functioX of a set of states S,
and a BFVT (I, X) of length I, we defin€T (I, X)]r, to be another BFV of length | such that it§ glement is

Ti(1,X) ifxj€mp
Yi If xj & Tp, where y € Y is a free variable

Definition 16. Given a projection of the state variables, characteristic functiofX3 of a set of states S,
and a BFV[T(I,X)]r, we define

Img(S(X), [T(1,X)]x) = AX" 3 3Y3X<5(X)A N OG=Tx)A A (xijj))
{iliem} {iligm}

Lemma 8. Given a projections of the state variables, characteristic functiofXS of a set of states S, and
aBFVT(I,X) of length I,

Img(S(X), T(1,X)) — Img(S(X), [T (I, X)]n)
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Proof:

j=I
Img(S(X),T(1,X)) = AX' I{i € I,xe X}(S{X)/\ J/\ X, <—>Tj(I,X))>

j=1
From definition

= AX Ixe X} (S(X)Aai el F/\l(%,- HT,-(I,X))D

=1
SinceXNl =0
= M 3Ixe X} <S(X)A3i el { /\ (x’j < Ti(1,X)) A /\ (x’j HT](',X)):|)
{ilxjem} {ilxj¢m}
From definition

H)\XIH{XGX}<S(X)/\3i€|( A (x’j<—>Tj(I,X))>/\

{ilxjem}
Jiel N K =Ti(,X)
)
From predicate logicix (P(x) A Q(x)) — Ix P(x) A Ix Q(X)
= AX'I{xe X} <S(X)A3i cluy { FANES HTj(l,X))Alb
{ilxjems}
Since3{i e 1} (/\”XJM (x’j < Tj(1,X))) =1,

asx’]- can be assigned the valueTf, X) to make it true

:AX’H{XGX}(S(X)/\HiGI( A (x’j<—>Tj(|,X))>/\

{ilxjem}
ey A (X Hy;))
{ilxj¢m}
Since3{yj € Y} (Ayjix ¢m) (x’j <Yj)) =1, as again by the same reasoning as in
previous step one can always find an assignmem’jfwhich makes it true

:)\X’H{XGX}(S(X)/\HiGIUY{ A G =Ti0X)A A (xfj<_>yj)D

{ilxem} {ilx;ém}

= MX'3{iel UY,XGX}(S(X)/\ { A KeT0x)A A XK Hy,-)}
{ilxjem} {ibgem}
INY=0,s03{i el1}eAI{yeYIw=3{i" € 1UY)}HOAW)
Img(S(X),[T(I,X)]r) From definition

Hence proved.

Lemma 9. Given a projectiont of the state variables, characteristic functiofXS of a set of states S, and
aBFVT(l,X) of length I,

ai(Img(S(X), T(I,X))) = ai(Img(S(X), [T (I,X)]r))
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Proof: LetTs = {xj|xj ¢ 13} andT{ = {Xjlx; ¢ T6}. Then we know from definition that

ai (Img(S(X), T(1,X))) = I AX 31 3X (S(X)/\ A G =Ti0X)A A (x’j<—>Tj(I,X)))

{ixjem} {ilxjem}
= A31 3X <S(X)/\ N GeoTux)AIm A X HTj(l,X))>
{ixjem} {ibem}
Note that3rg A gjjx, ¢} (4 < Tj(1,X)) =1
Sincex; ¢ T implies thatd; € 1
= A3l 3X <S(X)/\ A <—>Tj(I,X))/\1)
{ilxjem}
Also, Hyj (X”J — yj) =1

:mﬂax(qu A = Ti0X)A3Y A (>dey,-)>

{ilxjem} {ilxj¢m}
=3 AX A IXIY (XA A K oTOXDA A K ey))
{ilxjem} {ilx¢me}

= ai(Img(S(X),[T(1,X)])) From definition

Theorem 2. Given a projectiorTg of the state variables, characteristic functiofX3 of a set of states S,
and a BFVT (1, X) of length |,

Img(S(X),T(1,X)) — v(al(lmg(S(X), [T X)]my))s - - - ak(Img(S(X), [T(I ,X)]m))>
Proof: We know that

Img(S(X), T(1,X)) — V(G(lmg(s(x),TU 7X))))

v(dl(lmg(s(x)vT(l X)))s - Ak (Img(S(X), T(I ,X))))

v(al<lmg<s<x>,ml,x>]m>>,...,ak<lmg<s<x>,ml,xnw))) From Lemma 9

Definition 17. Generalised Cofactor Operation (Constrain):

The generalised cofactor operation or the constrain opeménoted by, allows one to cofactor a function
f, with respect to another functiarn and reduces to ordinary cofactor whers a literal. Intuitively, given
two Boolean functiond andc overn bit variables,(f | ¢)(x) evaluates to the valuation dfx) if c(x) is
true. Else, it performs minimum number of flipping of bit vaki(in a fixed and specified variable order) to
mapx to a newx’, such that(x') is true and returns the valuation bfx').

The result of the constrain operator depends on the var@blering used in the BDD representation.lf
is a cube, then constrain reduces to being ordinary cofageration and is also independent of the variable
ordering). Algorithm 2 describes the constrain operatith) [
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Algorithm 2 constrainf | ¢

assertc # 0)
if ((c=1)||(f =0)|(f =1)) then
return f
end if
if (f =c)then
return 1
end if
if (f =-c) then
return 0
end if
Let x; be the top variable ic
if (C]-x, =0) then
return f|x, | Clx,
end if
if (Clx, = 0) then
return |-y, | cl-x,
end if
return itgxa, flx, | Clx;, fl-x; | Cl-x;)

=

PR R R R R R
NSO WNEREO

For example, consider a Boolean space over three bit vadahlg, andr and a fixed variable ordering
p<qg<r.

Example 11.Lletf =p v randc=q, thenf | creduces to ordinary cofactor operation. Herfcg c =
(PVIg=pVr.

Example 12.Letf =g A randc=-p V (p A g A r), then using the algorithm 2 we get

flc {p/\ ((q ADlplLEP YV (PAGA r))lpﬂ v [ﬂpA ((q ADpl =PV (PAGA r))lﬂpﬂ

pr(@ani@an)|v]-pa(@anis)

= [pALVI[=-pA(g A T)]
=pV(=pAQAT)
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Example 13.Consider the same boolean functidnsndc as in Example 12, but a different variable ordering
r < g < p.Using the algorithm 2 we get

fle=[rA(flrlc)]V[rA(fl-|cl)]
= [M [al (=pV (pA q))]} % {—'r/\(OL—‘p)]

= (rA [ql (=p Vv (pA CI))D Vo

=TA :ql (=p Vv (P A Q))]

=rA :(q/\(q|qi(ﬂp v (p A q))|q)) % <ﬂqA(qIﬁqi(ﬂp vV (pA q))lﬁq))]
=rA _(qA(li(ﬂp v p))V(ﬂQAO)]

=TIA

-[qA(li(ﬂpv p))}vo]
=rAqQ

Hence we see that the variable order is very crucial whengutia constrain operator. Infact this forces
that any variable ordering chosen at the start of any contipatanust be maintained throughout the BDD
implementation. No dynamic variable reorderings shouldlbmved.

Definition 18. Given boolean functions f, g and h, define a general constpierator called multiple
constrain as proposed by Govindaraju in [18] as

fl(gnh)=(f1h)l(glh)
= (f | g) | h Only if g and h have disjoint supports, shown by McMillan][24

Touatiet al.[33] have shown that constrain is a specific instance of a yeneral operation called the
generalized cofactor. Since the use of the constrain opesgtnown to result in performance improvements
in practical reachability analyzers, we wish to extend LREallow applications of this operator. In fact, we
introduce a variant of the constrain operator, cati@ollified constraindenoted, v, defined as follows.

LetY = {y1,...¥n} be a set of boolean variables ahd {0,1}" — {0,1} andg: {0,1}" — {0,1} be
functions of variables from the s¥t

Definition 19. The support of f isly; € Y | f|y, # f|-y}, where fy, and f|-,, denote the positive and
negative cofactors respectively of f with respectjtoy

Definition 20. Lety1 < ... <y, be a variable order and MC Y. Given two points a and b if0,1}", let
nu(ab) = yyem2"" - (@ +bi) mod2 ForasubsetN of Y and a pointc{0,1}", we defind f |y g)(c)
= f(Pgsupt)\n(C)), wherepgz : {0,1}" — {0,1}" maps each point ¢ i§0,1}" to its nearest neighbour d
(according tonz) such that ¢d) = 1.

Coudert and Madre’s algorithm [15] for applying the conistraperator can be easily adapted to apply the
modified constrain operator by incorporating an additiastedck that tests whether a variablesinp(g) is
also insup(f)\N. If M =0 andsup(g) C supf), we get back the original constrain operator.
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Theorem 3. (a) sug f [N g) Csupf).
(b) Img(S(X), Yi(1, X, X) A Y5 (1, X, X)) = Img(S(X), Yi (1, X, X") |x Ya(I, X, X).

Theorem 3(a) ensures that when computing the image of assates in Theorem 3(b), the support set of
the constrained transition relation doesn’t increase.

Govindaraju et al [18] extended the idea of constraining mppsing amultiple constrainoperator to
efficiently compute the image of a set of states represestdtedantersection of multiple (abstract) state sets.
Their algorithm is based on the observation tiidt X, X") | (S(X) AR(X)) = (Y(I,X,X") | R(X)) | (S(X) |
R(X)). Henceforth we will denote this operationdd, X, X") | [S(X),R(X)], where the vector to the right
of || can be extended to have more than 2 elements in general. Wise mbdified constrairoperator,|
instead of thel operator in the computation df, gives themodified multiple constrainperator (denoted
Um)- The following result now follows from Theorem 3(b).

Theorem 4. Img(S, Y1 A Y2) = Img(L, Y1 Ix [¥2,9), whereY; is a predicate over UXUX’ and S is a
predicate of X.

In our subsequent discussion, thg operator is always used witl = X', whereX’ denotes the set of next
state variables of a sequential circuit.

We now discuss the algorithms presented in €hal.in [12]. We consider the use of overlapping projections
of the state variables as proposed by Govindagajal. in [18]. Let F to refer to the transition relation for
the state variables in the projection

5 Machine by Machine (MBM) Traversal

This strategy traverses the subspaces serially and itelgtuntil afixpointin the computation of the reached
set is obtained. MBM initially sets the reachable statedl@idspaces ttautologyand computes the reach-
able states of each subspace in turn. In each iteration FieoBthe subspace being traversed is constrained
by thereachable statesf the other subspaces obtained from the previous iteraliba process is repeated
until the sets of reachable states stops shrinking. It iE@eomputing a greatest fixpoint computation with
least fixpoint computations (reachability analyses of thiespaces) performed at each iteration.

Theorem 5. The procedure MBM converges.
Proof: Follows from Theorem 4.1 in Chet al.[12].

Theorem 6. Let R be the set of exact reachable states and readiesthe computed set of reachable states
for the subspace Mcorresponding to the projectior;. ThenVi, ai(R) C reachegl In other words, the
procedure MBM computes an over-approximation of the reblehstate space.

Proof: Follows from Theorem 4.2 in Chet al.[12].

6 Frame by Frame (FBF) Traversal

In this strategy, instead of traversing subspikdefore subspackl; 1, one step of image computation is
done for every subspace, then all subspaces move one time &taead, and then anotherimage computation
is performed (one per subspace). The algorithm terminaltesnafixpointin the computation of the reached
set is obtained. Depending on how the constraints are ugpdhiere are two variants: Reached FBF and To
FBF.
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Algorithm 3 Standard MBM Traversal MBM

1

2:

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:

25
26

©ooNoGR®

s fori=1tokdo
reacheg=1
from = 0i(S)
traverse = true
: end for
repeat
converged true
fori=1tokdo
if traverse then
old_reacheg=reachedg
reacheg= BFS(from A A|=% | i (reacheq), F)
traverse = false '
if old_reacheg = reachegthen
for Vj € FANOUT (M;) do
traversg = true
end for
end if
end if
end for
fori=1tokdo
if traverse then
convergedfalse
end if
end for
: until converged strue
: return §/(reached, ... ,reachegq))
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6.1 Reached FBF

RFBF initially sets the reachable states of each subspateraspective initial states. It then interleaves the
reachability analyses of the subspaces by computing ongeéroamputation for each subspace in turn. It
also constrains the BFV of each submachine by the reachatsi®@kthe other subspaces. When computing
theith step of reachability analysis for a subspace, the accueditaachable states of the other subspaces
from the previous iteration are used. The computation oo till the sets of reachable states stop growing,
i.e. afixpointhas been attained.

Algorithm 4 Standard RFBF Traversal RFBF
1: fori=1tokdo

2:  reached=0i(S)
3: end for
4: j=0
5: repeat
6: converged #rue
7. fori=1tokdo
8: old_reacheg= reacheg _
o: to! ! = Img(y(reached, ..., reacheq), F)
10: reache = reachegvto) "
11: if old_reacheg# reacheg then
12: converged False
13: end if
14:  end for
15 j=j+1

16: until converged rue
17: return /(reached, ..., reacheq))

Theorem 7. The procedure RFBF converges.
Proof: Follows from Theorem 4.4 in Chet al.[12].

Theorem 8. The procedure RFBF computes an over-approximation of thehable state space.
Proof: Follows from Theorem 4.3 and Lemma 4.2 in Gétaal. [12].

6.2 ToFBF

Unlike RFBF which uses theachedsets as constraints, this method usedtirgets (i.e. the images them-
selves) from the previous image computation to constramthV of the subspace being traversed currently.
Since this uses the smallest constraint set, it gives thlesheeached set upon convergence.

Theorem 9. The procedure TFBF converges.

Proof: Follows from Theorem 4.6 in Chet al.[12].

Theorem 10. The procedure TFBF computes an over-approximation of taehable state space.
Proof: Follows from Theorem 4.3 and Lemma 4.3 in Géiaal. [12].
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Algorithm 5 Standard TFBF Traversal TFBF

1: fori=1tokdo
2:  reached=0i(S)

3: end for
4: j=0
5: repeat
6: converged #rue
7. fori=1tokdo _
8: to! ! = Img(y(tol, ... ,to}), R)
o: reacheg = reachegvto) "
10: if 3t,t < j,y(to},...,to}) # y(to},....to}) then
11: converged Halse
12: end if
13:  end for
14: j=j+1

15: until converged rue
16: return /(reached, ... reacheq))

7 TMBM

This is a hybrid traversal method, which starts off as TFB& aftter a specified number of iterations switches
to MBM. Use of TFBF at the start of traversal gives the bendfiiauracy in image computation, while
MBM helps in faster convergence.

First, TFBF runs fot time frames. The reached set is saved, and MBM usetotbet (frontier) at time
t as the initial state set. When MBM reaches a fixpoint, thehredset computed by MBM is added to the
saved reached set computed by TFBF to give the final reached se

Algorithm 6 TMBM Traversal TMBM

1: ({tfbf_reached}, {to}}) = TFBF(run-fort-iterations)
2: fori=1tokdo

3 0(S) =to

4: end for

5. {reacheg} = MBM()

6: for i =1tokdo

7: tmbmreachegd=tfbf_reachegV reached

8: end for

9: return (y(tmbmreached, ... ,tmbmreacheq))

Theorem 11. The procedure TMBM converges.
Proof: Follows from convergence proof of MBM by Theorem 5.
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Theorem 12. The procedure TMBM computes an over-approximation of thelrable state space.
Proof: Follows from overapproximation proofs of MBM by Theorem &laf-BF by Theorem 10.

We have seen in detail the various state of the art searchoaethVe want to investigate if it would be
possible to express every search method based on leastfixqponputation in a unified framework. In this
regard, we first briefly discuss the theory of Reachabilitypiessions [31] which have been very useful
in writing traversal schedules for large asynchronousesyist Another framework for writing schedules
has been introduced by Varun Kanade in [22] which uses Rédithaatrices (henceforth called RM).
In this chapter, we propose a variant of Reachability Exgices (henceforth called RE) callécbeled
Reachability Expressions (henceforth called LRE) andid&tapplicability. We also discuss the expressive
capabilities of these frameworks.

8 Reachability Expressions

Reachability Expressions have been very useful in writragersal schedules for applications like breadth
first search and priority round-robin [31]. It has been destmated in [31] that it is very useful to compare the
performances of different search schedules based on a fénegike time taken and memory consumption.
We present the grammar of Reachability Expressions [314.H&fe have added a new operatgrwhich
permits negation with REs. This operator now provides efirectionality with REs than earlier [31]. We
will explain these extra features in the context of LREsratghis report.

8.1 Syntax

Given a transition system expressed as a disjunctidtiansition relations, lety = {V,..., ¥, 0,0}. Let
C'=CU{+,0,;,,%/(,)} be the set of terminal symbols. An RE over the Seis a terminal string ob-
tained from the following grammar:

E —-E+E
| EoE

| E;E

| (E)

| «E

| —E

| Yl %
| o

| 6

We have added the negation operateyjas been added to the grammar of RESs.

8.2 Semantics

REs provide a framework which formalizes the sequence ofj@@mputation operations of the underlying
transition system. The semantics of an RBver the seiy for the transition systerB, denoted[[d] s is
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defined with respect to the underlying state transitionesyd, and is naturally described as a mapping from
characteristic function representation of a set of stadeshairacteristic function representation of a set of
states. We shall henceforth omit the subsdBipthen it is clear from the context. We dendtegrr(S(X), Y;)
to be the image operation computed as the characteristitifumgiven bylmgrr(S(X), F (1, X, X")).

We give below an inductive definition dfa ]| (S(X)) for the characteristic functio®(X) of a set of states
S C Q following the definition by Dina Thomaet al.in [31].

= [3](S(X)) = S(X)

- [8] (S(x)) =0

— [¥](S(X)) = Imgrr(S(X), ¥))

= [o1+02](S(X)) = [01] (S(X)) V [[02] (S(X))

= [o1002] (8(X)) = [o2]([01]] (S(X)))

= [01;02] (S(X)) = [(01+9) o (02 + §) [} (S(X))

- [(@I(S(X)) = [o](S(X))

= [-0](S(X)) = ~[[a]| (S(X)) _ .

— Let(0)° =dand(0)' = (0)* 0 0,vi > 1, then[[+0] (§(X)) = Vo[ (0)' ] (S(X))

8.3 Examples

Consider characteristic functid®{X) of a set of stateS. The following examples show the evaluation of an
RE o over the set’y on §(X).

Example 14.Leto beY; + Y.
From RE semantics,

(Y1 + 2] (S(X)) = W] (S(X)) v [Y2]] (S(X))

Example 15.Letobe(Y1 + Y2) o Ya.
From RE semantics,

[0 + %) o (SX)) = [¥] ([[m )] <s<x>>)
~ ] (m (SX)) v [%] <s<><>>>
— %] (lmgm<s<x>,v1>vlmgm<s<x>,vz>)

- Imgm(lmgm<s<x>7vl> v Imgra(S(X). ¥2). Y3>

All properties of REs in [31] still hold good for any RE withbany occurance of the negation operator.
Reachability expressions (REs) [32] provide a frameworkexpressing reachability strategies for asyn-
chronous systems, but lack the (i) set negation and inteéoseoperators (needed for expressing certain
strategies), and (ii) ability to store and refer to subresus in the nodes a@lurr, nextandacc We extend
the concept of REs by introducingreegationoperator to address the former alatbelsfor the latter. A
label tags a set of states used either as the argument of ge iopeeration or to store the result of an image
operation. This allows us to express and reason about signify more complex and optimized reachabil-
ity strategies than is possible using REs. The negatioradperlthough crucial, however makes reasoning
about LREs more difficult than REs.
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9 A motivating example

For brevity, we will henceforth refer to the transition reda Y{I, X, X’) and set of state§(X) asY andS
respectively. Each step in a reachabilty analysis algaritivolves computing = Img(S,Y) for an appro-
priately chosen set of present staB&nd updating various state sets. Designers and verificatigineers
often use an intuitive boolean decompositionyato decompose a sequential machine into smaller subma-
chines, each of which can be efficiently traversed. A coratiid submachine traversal, henceforth called a
strategy yields the set of reachables states.

We now illustrate how knowledge of the boolean structur¥ ofin be used to discover strategies, which
we'd like to capture naturally in our framework. L& = Y; V (Y2 A Y3). Throughout this paper, we will
use negation-free Boolean decompositions of transititatioms. The structure of the decomposition\of
can be conveniently represented as a tree, hencefortl caitansition tree (TT)as shown in Figure 3(a).
The exact image o8 underY, or Img(S,Y) is given byAX’.31,X (SAY). Using the decomposition of,
and noting that existential quantificaton distributes alisjunction, but leads to overapproximations when
distributed over conjunctionmg(S,Y) is approximated from above 1§ vV (S,A S;), wher§ = Img(S Y)).

The similarity with the structure of the decompositionYat not surprising, since we used the decomposition
of Y'to compute the overapproximate image.

/ N\ / \
Y1 A S A
/ N\ / N\
YooY S S

(@) Transition Tred€b) Current State
(TT) tree (curr)

Fig. 3: Motivating example

The decomposition of therefore naturally suggests the following simple appmage reachability anal-
ysis technique. We maintainaurrent state tree (currfshown in Figure 3(b)), aext state tree (nexgnd
anaccumulated state tree (ac®ach of which has the same structure as the transitiorTtfeavith every
internal node being associated with the same Boolean apexatthe corresponding internal nodeTif .
Every node ircurr, nextandaccis also thought of as representingiaw of the current state set, next state
set and accumulated state set, respectively. The root tf teee gives the best view of the corresponding
state set. The view at each internal node is obtained by aygptiie Boolean operator associated with the
node on the views associated with its children. To begin with initialize the leaves afurr, nextandacc
in the following way. All leaves ohextare initialized toFalse, representing the empty view of states¥f
potentially updates the values of state variableX;ia X, we initialize the corresponding leaf ofirr and
acc with the projection of the initial set of states & Every step of reachability analysis then picks an
Y;, computes the image of the view at the rootafr underY,, and updates the corresponding leafiekt
Once all leaves ofiexthave been updated, each leatetis updated by accumulating (or disjuncting) the
view already represented at this leaf with the view gendratehe corresponding leaf aExt The views at
all nodes ofaccare then copied to the corresponding nodeswf, and the process repeated until the view
at the root ofaccstops changing.
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Notice that in the above algorithm, we did not use the viewngtiaternal node ohext, or at any non-
root node ofturr. One may therefore ask why these nodes were needed. To tarttkiisis, we note that the
above algorithm is just one of many ways for doing reachgbéinalysis using the given decomposition of
Y. As an alternative, we could have computed)(S,Y) asS, V'S, 5, whereS, ; = Img(S Y2 A ¥3). Of course,
such a computation is possible only¥ A Y3 can be represented and operated on efficiently. Indeed, it is
often the case that for the initial few steps of reachabidlitglysis when the reachable state sets are not large,
such a computation may be practically feasible, althougbdbmes infeasible in later stages of reachability
analysis. Maintaining the completexttree allows us to update the view at non-leaf nodes in thes(trad
also inacg by new sets of states, if non-leaf nodes in the transitiee &ire used to compute an image in a
step of reachability analysis. Note that once the view atraleaf node inaccis updated by accumulating
the corresponding view fromew we need not update the view at this nodeao€ from the views of its
children. In fact, it can be shown that updating a view diseat noden in thenextor acctree results in no
less accurate a view than that obtained by updating viewkiltren of n and then combining these views
using the Boolean operator associated witlrurthermore, it may not always be computationally effitien
to use the views at the root ofcurr when computing an image, if the state variable count is lafgps
is because computation @f ,X(SAY,) may involve BDDs with very large number of variables. In such
situations, an overapproximation §f= Img(S,Y{) can be computed by using the view at an internal node
of curr if all ancestors of this node are associated with the conjonoperator. If, however, all ancestors of
the node are associated with the disjunction operatorgubmview at the this node of tloairr tree gives an
underapproximation of. Thus, maintaining all nodes gurr allows the flexibility of using approximations
of the view at the root of this tree, if computational consttsiforbid using the view at the root.

In addition to the above mentioned ways of using the decoitippf Y for reachability analysis,
we could also have different ways of iterating through thigedent Y's. For example, one may consider
repeatedly computing and accumulating the image of the atdive root otturr underYs, before proceeding
to compute and accumulate the image urMdar Y3. One may also consider applying the distributivity laws
of Boolean algebra to obtain alternative decompositioasrieom a given decomposition 8t Each such
decomposition gives rise to a family of reachability stgggs as described above. As we will show later,
it is indeed beneficial at times to use the distributivity $at® obtain new decomposition trees. Certain
reachability analysis strategies using the new decoripagiee gives provably better approximations than
that obtained using the original decomposition tree. Thasjng a decomposition of the transition relation
opens the doors to a large number of possible reachabildlyais strategies. In the subsequent section, we
present a generic framework which helps in capturing, reimgpabout and implementing a large family of
such strategies.

10 Labels and Reachability Expressions

We extend the concept of REs by introducingegationoperator to address the former alatbelsfor the
latter. A label tags a set of states used either as the argwshan image operation or to store the result of
an image operation. This allows us to express and reasort aigmificantly more complex and optimized
reachability strategies than is possible using REs. Thatm@agoperator, although crucial, however makes
reasoning about LREs more difficult than REs. We first pregensyntax and semantics of LRES which are
inspired from [32].

10.1 Syntax

Definition 21. Let Q be the set of all states of a sequential circuit. A State\8ctorS, of length n, is
S=(S,...,S), wherevi, S C Q.
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Henceforth, we will assume that all State Set Vectors aremgjthn. Given a negation-free Boolean decom-
position of Y'in terms of{Y1,... %k}, let v n = {11,..., %, 8,08,1,...,n}, j is a label used to refer to thi
component of5, andd and® are transition relations such thiag(S,8) = Sandimg(S,6) = 0. An LRE A
over Ty, is a terminal string obtained from the following grammar,esLE is the start symbol.

LE — L:(E)L

LE + LE

LEo LE

LE; LE

(LE)

*xLE

—=(LE)

Yl [C] Y36
Y,C |[L,C|L
12| ...]n

E
C
L

R

wherei ranges from 1 through. It is worth noting the key additions made to the syntax torcome the
limitations of REs. We have allowed for

1. Use of labels to specify the starting set of states of eaage operation using the subexpresdian
(E)L. The second occurance bfspecifies the the starting state set to be used while evafu#ie
corresponding LRE.

2. Storing the result of an image computation sequence isigied using the subexpressibn(E)_, where
the first occurance df specifies the storage location of the operation, i.e. the s&t which stores the
result of the evaluation of the corresponding LRE.

3. The operatot}x, has been added to allow tmeodified multiple constraimperation which provides
computational efficiency.

4. The subexpressiog] allows to write a finite vector of labels to indicate the sts#¢s¥’s which are
used as constraints in an image computation operation.

10.2 Semantics
LetS, P andR be State Set Vectors.

Definition 22. (i) Sis definedto bR UPifVi,§ = R UP.
(i) Sis defined to beR, ifVi, S =R.
(ii) S is said to be covered &, denote® < R, if Vi, § C R..

The semantics of, denoted[A ] g, is naturally described as a transformer of a State Set Veutwanother

State Set Vector of the same length for a sequential maéhive present an inductive definition HA ] 5(S)
and omitB when it is clear from the context.

1. [i: (®)k] (S(X)) =R(X) wherevl #i, R (X) = §(X) andR(X) = S(X).
computéi : (d)k, (X)) is clear from the definition.
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11.

12.

- [ ()]](EE)

. [8](3(X))

(X) whereVl #i, R (X) = S(X) andR (X) =

computéi : (8)x, (X)) is clear from the definition.

: [[i:(Yj)k]](_?( )) =R(X) wherevl i, R (X) = §(X) andR(X) = Imgra(S(X), Y))-
|

computéi : (Yj)k, (X)) is clear from the definition.

- [MaoA2] (8(X)) = N2l ([A] (8(X))).

computéh o Az, S(X)) is clear from the definition.

- [ADDEX) = [MI(SX)).

computé(A1), S(X)) is clear from the definition.

- [PA] (8(X)) = ~ A (8(X)).

computé-A;, X)) is evaluated as

(@) LetR(X) = computéh, S(X)).

(b) LetP(X) = =R(X) such thatvi, B (X) = =R(X).
(c) ReturnP(X).

- [+ A2] (S(X)) = [A] (S(X)) U [A2] (S(X)).

computéh; + Az, S(X)) is evaluated as

(@) LetR(X) =computé\;, S(X)).

(b) LetP(X) = computéh,, S(X)).

(c) ReturnQ(X) = R(X) UP(X) such thatvi, Q; (X) = R (X) V R(X).

) = [1:(3)1] (S(X)) = S(X). )
computéd, S(X)) is clear from the definition. Note that=i : (8); for anyi € {1,...,

[81(S(X)) = [[ o 4(i 2 (B)1)] (S(X)) = R(X) wherevi, Ri(X) =
c

computéd, S(X)) _s lear from the definition.

Let(\)° =& and¥i > 1, AL = (A1) "% o Ay. Then [+A1]8(S) = liMi—w[(3 + A1) J&(S) =

A)MQIT (S), whereShasn components an@ denotes the set of all statesif

[A1; A2] (B(X)) = [(A1+3) o (A2 + )] (S(X)).

computéis; A2, (X)) is evaluated as
() LetR(X) = computéh; + &, S(X)).
(b) LetP(X) = computéh, + &, R(X)).
(c) ReturnP(X).

23

. Let[C] = [Yp,...,Yg,u,...,V]. Then[i: (Y] Im [C])k ]| ( ) =R, wherevl #i, R =S andR; =Imgrr(1, Y] Ix/

16+
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We prefer the use of negation over intersection as it allogsessing strategies that intersection alone can-
not capture. For instance, use of frontier sets, or the spewfstates that arise from an image computation
and that have been reached earlier are used in several seaticbds like BFS for improving the efficiency
of reachability analysis. Computing a frontier set regsiinegating the current reachable state set and in-
tersecting this with the image of the current state set. ledational convenience, we will use the notation
Ai AAj to denote~(—Ai +—Aj).

10.3 Examples

Given an LREA defined overZy,, we present a few examples here. Assume for sake of expo#iat the
State Set VectorS, P andR are of lengtm=3.

Example 16.LetA be 3:(d)2.

From the operational proceduRéX ) = computé3 : (3),, S(X)) described in step 1 of LRE semantics, we
get

1. Ri(X) = S1(X), Ro(X) = $(X), andRs(X) = $(X)  (From definition).
2. ReturR(X) = (S$1(X),%(X),S(X))  (From definition).

Hence,[3:(0)2] (S1(X), S2AX), S3(X)) = (S1(X), SA(X), S(X)). This shows how the labels can be used
to update or change the contents of different state set coents.

Example 17.LetA be 1:(8)3 0 2: (Y2)3.

From the operational proceduR{X) = computél : (8)3 o 2 : (Y2)3, S(X)) described in step 4 of LRE
semantics, we get

1. R(X) = (0,%(X),S3(X))  (From definition).
2. P(X) = (Ry(X),Imgrr(Rs(X), ¥2),Rs(X))  (From definition).
3. ReturnP(X) = (0,Imgrr(Ss(X), ¥2),S3(X))  (From definition).

Example 18.LetA be—(1:(Y1)2).

From the operational proceduPéX) = computé—(1:(Y1)2), S(X)) described in step 6 of LRE semantics,
we get

1. R(X) = computél: (Yi)z, X)) (From step 6a).

(@) Re(X) = S(X), andR3(X) = S(X)  (From definition).

(b) Ri(X) =Imgrr(S(X),Y1) (From definition).

() ReturnR(X) = (Imgrr($(X), Y1), S(X),S3(X))  (From definition).
2. P(X) = =R(X) = (=Imgrr(S(X), Y1), 7S (X), ~S5(X)) _ (From step 6b).
3. ReturnP(X) = (=Imgrr(S(X), Y1), 7S (X),—S(X))  (From step 6¢).

Example 19.LetA bex(1:(Y1)2)

From the operational proceduife(X ) = S(X) described in step 11 of LRE semantics, we get

1. P(X) = computél : (Y1)z, §(X)) (|m9TR(Sz(X),\ﬁ),Sz(X),Sg(X)) (From definition).
2. Py(X) = computé(1:(Y1)2)?, S(X)) =Pi(X) (From definition).
3. ReturnPy(X) LUPy(X) = (Sl(x)\/|mgTR(SZ( ), 1), S(X), S3(X))
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11 Classification of LREs

We want to establish certain useful properties of LREs sbweado not have to refer to their semantics
every time for evaluating an LRE over a State Set Vector. Withintroduction of- and{}x: operator, it has
been seen that several properties which hold with the rag&ee fragment of REs are no longer true. But
— and |y are essential operators for writing realistic search sakesifor large systems. Hence, we want
to investigate if there is a certain fragment of LREs whichgarves some useful properties. Monotonicity
is a crucial property to possess. In this regard, we would tik be able to classify LREs based on their
monotonicity.

Definition 23. Given two State Set Vecto&X) and R(X) of length n, we say tha(X) = R(X) if Ji €
{1,...,n} SOR andvl #i,5 O R.

Definition 24. Given a transition system B (1,X,Q,%,T), and an LREA over‘Tym,_[[)\]]B
(29)" is said to be monotonically increasing if for all transitimystems B and for al(X) and R(X)
length nwhergsS;, ..., S) < (Q,...,Q) and(Ry,...,Rn) < (Q,...,Q), if S(X) < R(X), then[A] g(
[A]&(R(X)).

Definition 25. Given a transition system 8 (1,X,Q,%,T), and an LREA over Ty, [A]B: —
(29)" is said to be monotonically decreasing if for all transitisgstems B and for al(X) an d_I_?(X) of
length nwherdS,,...,S) < (Q,...,Q) and(Ry,...,Ry) < (Q,...,Q), if S(X) < R(X), then[A] g(S(X)) =

[AT8(RX)).

Definition 26. Monotonicity Metric (m)Given a transition systeB = (1,X,Q, S, T), we intend to classify
an LREA using a a monotonicity metric, denotedA), wherem(A) € {0,1,2} such that

m(A) =< 1 if [A] g is monotonically decreasing

0 if [A] g is monotonically increasing
2 otherwise

We desire to capture monotonically increasing LREs witlmavalue of 0. LetS(X) andR(X) be character-

istic functions of State Set Vectors such tB&X) < R(X). Given an LRE\ over Ty, we inductively define

m()) as follows (and give justifications for use wfA) = 2).

1 IfA=i:(9)j,thenm(A) =0

2. IfA=i:(8)j, thenm(A) =0.

3. IfA=i:(%%), thenm(A) =0.

4. 1 =i (M dx [Yp---, Yg,U,...,V])j, thenm(A) = 0.
5.

If A =A1+ Ao, then
0 if m()\l) = m()\z) =0
mA)=<¢1 ifmA)=mQAz) =1
2 otherwise
. We know from basis that(1 : (8)1) = 0 and from basis and definition of

LetA=1:(8)1+ ~(2:(¥2)2)
= 1. Consider for ease of exposition that the length§(&f) andR(X) is n = 3.

mthatm(—(2:(Y2)2))



Hence by definition of semantics,

[AT(S) = [1:(®)1](SX) U [-(2: (Y2)2) [ (S(X))
= (S1(X), $(X), (X)) L (=S1(X), ~Imgrr(S2(X), ¥2), =S3(X))
= (L, S1(X) V=Imgrr($(X), ¥2),1)
Also, [AI(R) = [1:(3)1] (RX))U [=(2:(%2)2) [ (R(X))
= (Ri(X),Ra(X),Rs(X)) Ll (=Ry(X), ~Imgrr(R2(X), Y2), ~Rs(X))
(

We see that the vecto(q, S (X) V —Imgrr(S(X), ¥2),1) and (1,R1(X) V =Imgrr(R2(X), ¥2),1) are
incomparable even thougdiX) < R(X).
. If A =-=Aq, then

LetA =—=(=(1:(¥2)2) + 3:(8)2). B
We know from definition tham(—(1: (¥2)2) + 3 :(d)2) = 2. Assume for ease of exposition tH&{X)
andR(X) are of lengtm = 3. From definition of LRE semantics, we know that

[AD(SX) = [~(=(1:(%2)2) +3:(8)2) ] (Su(X), %(X), S5(X)))
= (=S(X) Almgrr(£(X), ¥2),1, 7S(X) A S(X))

Similarly,

[AT(R(X)) = (=Ru(X) Almgrr(Rz(X), ¥2), 1, =Rz (X) ARs(X))

We see thaf|A ]} (S(X)) and [A] (R(X)) are incomparable even thou§X) < R(X).
. If A =A10Ay, then

0 ifm(A1) =m(A2) andm(Aq) # 2
m(A) = { 1 ifm(A1) =1andm(Az) =0, 0orm(A1) =0 andm(Az) =1
2 otherwise

We consider three examples:

(@) 1fm(A1) =2 andm(Az) =0.
LetA1 =-2:(Y2)2 + 3:(8)2 andA2 = 2: (Y1)3. Then we know from definition of LRE semantics
that

A1 0 A2] (S(X)) = (S1(X) V ~Imgrr(S(X), Y2), IMgrr(S2(X) V =S3(X), Y1), S2(X) V =S3(X))
A1 0 A2] (R(X)) = (Ru(X) v ~Imgrr(Ra(X), ¥2), Imgrr(Re(X) v ~Rs(X), Y1), Ra(X) v =Rs(X))

We see thaf|A ] (S(X)) and [A] (R(X)) are incomparable.
(b) If m(A1) =2 andm(Az) = 1.
LetA1 =-2:(Y2)2 + 3:(0)2 andA2 = -2 : (Y1)3. Then we know from definition of LRE semantics

~— —
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that

[A10A2] (S(X)) = (=(S1(X) v ~Imgrr
~(S(X) vV -S(X
A1 0 X2] (R(X)) = (=(Ra(X) v ~Imgrr
~(Ra(X) v =Ra(X

£(X),¥2)), ~(Img(S1(X) V ~Imgrr(S(X), Y2), 1)),
)

RZ(X)vYZ))’ _‘(lmg(Rl(X) \ _'ImgTR(RZ(X)vYZ)in))a
)

We see thaf|A ] (S(X)) and [A] (R(X)) are incomparable.
(c) If m(A1) =2 andm(A2) = 2. Consider the sanmg as earlier, and
letA2 =2:(Yi)s + —=2:(d)1. It can be shown thafA] (S(X)) and [A] (R(X)) are incomparable.
8. If A = (A1), thenm(A) = m(A1) is obvious from the definition of LRE semantics.

9. If A =A1; Az, thenm(A) = m(()\l +1:(8)1) oM+ 1: (5)1)>.

= ~—

10. If A = %Ay, then
[0 ifm(A)=0
m(A) = {2 otherwise

If m(A1) # O, then by definitiorm(sxA1) = m(1 : (8)1) + m(A1) + m(A2) + .... It follows from the
definition ofmthatm(xA1) = 2.

Lemma 10. Let A be an LRE oveffy,. Then,

1. If m(A) =0, then[[A] is monotonically increasing.
2. If m(A) =1, then[[A] is monotonically decreasing.

Proof. 1. Let§(X)andR(X) be State Set Vectors of lengtisuch tha§(X) < R(X). We show by induction

on the structure ok that [A] (S(X)) < [A] (R(X)) whenm(\) = 0.

Basis
(@) IfA=i:(d);j.
[i:(®);](8X)) = (Su(X),...,S5-1(X),Sj(X),...,S(X)) From LRE semantics
=< [[i:(3);](R(X)) From LRE semantics angX) < R(X)

(b) If A =6. i i

We know from definition thad =1 : (8)1. Hence from case 14,0] is also monotonically increas-

ing.
() fA=i:(0);.

= (S1(X),..., S-1(X),0,...,S(X)) From LRE semantics
=< [[i:(8);](R(X)) FromLRE semantics ari(X) < R(X)
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(d) FA=i:(Yj)k
We know from definition that
[i = (k] (S(X)) = P(X)
such thatl #i,R(X) = §(X)
andR (X) = Imgrr(&(X), )

Similarly, [i : (Yj)x] (R(X)) = H(X)
such that/l # i, H (X) = R (X)
andH; (X) = Imgrr(Rc(X),Y;)

—~

Also,

vl #£i, B(X) =S (X) = R(X)=H|(X) SinceSX) <R(X)
and,R (X) = Imgrr(S(X),Yj) — Imgrr(Re(X), ¥j) = Hi(X)
Sincelmgrr is monotonically increasing ar(X) — Rk(X)

Hence proved.
(e) FA=i:(Y] Ix [C]k.
Let[C] = [Yp,...,Yg,U,...,V] be a vector. We know from definition that
[ (Y dx [CDk] (S(X)) = P(X)
such thawl #i, R(X) = S(X)
andP,(X) = Imgrr(ScX)ASUX) A .. ASU(X), YT AYpA .. Yg)

Similarly, [i : (¥ Ix [C])k] (R(X)) = H(X)
such that/l #i, Hj(X) = R(X)
and,H;i(X) = Imgrr(R«(X) ARU(X) A ... AR(X), i AYp A ... Yg)
Also,
Wl #£i, R(X) =S (X) = R(X) =H(X) sinceS(X) <R(X)
and,(S(X)ASIX)A ... AS(X)) = (R(X)ARY(X) AL . ARy(X))
SinceS(X) < R(X) &
A is a monotonicity preserving operator

HencePR, (X) = Imgrr(S(X) A...ASp(X), Y] AYpA ... Yg) — IMGrr(R(X) A ... ARp(X), Y AYp A ... Yg) =

Sincelmgrr is monotonically increasing

Hence proved.
HypothesisLet A1 andA, be LREs overZy,, such that ifm(A1) = 0, then[[A1]] is monotonically in-

creasing and im(A1) = 0, then[[Az] is monotonically increasing.

Induction StepWe consider the set representation of the State Set VeStamsiR both of lengthn for
the remaining part of this proof. We consider the followirgges:

Bi(X)
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() LetA beAr + As.
[A] is monotonically increasing follows from definition of LREmantics, monotonicity of set
union and induction hypothesis.

(b) LetA beAj o Aa.
We know by induction hypothesis tht1 ]| (S) < [A1]](R). Also from induction hypothesis we
know that

[A2] ([AL](9) =
Or [A1oA2]() =

2] ([A] (R)
[A10A2] (R) from LRE semantics

Hence[[A] is monotonically increasing.

(c) LetA beb. A
We know from definition thaé = o [=] (i : (8);). Proof follows from above and case 1c of basis.

(d) LetA beAq; As. R R
We know from LRE semantics thdt\1; A2] (S) = [[(A1 + 8) o (A2 + 8)] (S). [A] is monotoni-
cally increasing follows from the induction hypothesis @amduction steps 1a and 1b proved above.

(e) LetA be(Aq).
[(A1)] is monotonically increasing follows from the definition §fA1)] (S) and induction hy-
pothesis.

(f) Let A bexA;.
We show by induction onthat then[[ (A1)'] is also monotonically increasing for alt> 0.
- BasisIf i =0, [A{] (S = [[8]] (S) by definition. Hence[[A9] is monotonically increasing.
— HypothesisAssume thaf{AX] is monotonically increasing for allsuch that 0< k < i.
— Induction StepWe know by definition thah}™ = Al o A1. Also both [[A1]] and [A}] are
monotonically increasing from induction hypothesis arat ¥} o A1 is monotonically increas-
ing from case 1b. This proves th@l\'“]] is monotonically increasing for ail> 0.

From definition of LRE semantics we know that

T
[+A](S) = [ ] [(®+A1)'](S) and,
i=0
ool
(Ml ®R) =[] [(G3+M)'T(R)

i=0

So, ifforanyj, se ([+A1]] (9);, then there exists an integef> 0) suchthase([[( +A)K](9);.
Slnce()\l) is monotomcallymcreasm\zﬂ >0, we have[[(6+)\1) 1S = [[(6+ A)¥] (R). Hence,
€ ([3+M) ] (R)); as well. Hence[[ =M1 ] (S) < [+M] (R).
Hence proved.
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2. LetS(X) andR(X) be State Set Vectors of lengthsuch thaiS(X) < R(X). We prove by induction on
the structure oh that if m(A) = 1, then[[A] is monotonically decreasing.

Basis If A = —Aq, then sincen(A) = 1, it follows from definition ofmthatm(A1) = 0. Hence it follows
from case 1 proved above thid1] is monotonically increasing.

A1) (SX)) = [M](R(X))  SinceS(X) X R(X)
Also, ~[A1] (S(X)) = =[] (R(X))
Hence,[-A1] (S(X)) = [-A1] (R(X)) From LRE semantics

Hence proved.

Hypothesis Assume that iim(A1) = 1, thenA; is monotonically decreasing andrif(A2) = 1, thenA;
is monotonically decreasing.

Induction stepThere are 2 cases to be considered

(@) IfA = (A1). We know from induction hypothesis that

] (R(X))

[A1] (S(X))
S(X [A](R(X)) Follows from LRE semantics of

Hence, [A] (S(X))

Y 1Y

Hence proved.
(b) If A=A1+ Ao. Then,

A1+ A2] (S(X)) = [A1] [A2] (S(X)) from definition

[A2] (R(X)) From induction hypothesis and monotonicityLof

Hence proved.

LREs can be classified depending on the monotonicity metas follows.

1. Subclass 0 which includes only those LRE} dver 7y, such thatm(A) = 0. This is referred to as
Restricted LREs (RLRES) in the paper.

2. Subclass 1 which includes only those LREpsdver 7y, such tham(A) = 1.
3. Subclass 2 which includes only those LREpdver Ty, such tham(A) = 2.

Given a transition system which can be expressed as a digjaraf k transition relations, and a s&nwe
useLE;, fori € {0,1,2} to represent LREs with monotonicity metiicThen arLRE over 7y, is a terminal
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string obtained from the following grammag{) usingLE as the start symbol.

LE — LEo|LE;|LE>

LEp — L: (E)L
| LEo + LEg
| LEgo LEg|LEyoLE;
| LEo; LEg
| *LEg
| (LEo)
| —(LEy)

LE; — -LEp
| LEj+ LE;
| LEjolLEg|LEgoLE;
| (LEy)

LEy -LE>

LEo + LEo | LE; + LE2 | LE2 + LE;

LE> + LEo | LE2 + LEg | LE1 + LEg | LEg + LE;

LEgo LEy | LEz o LEg | LE2 o LE

LE; o LEy | LE2 o LE>

LEg; LE4 | LE1; LEg | LEg; LE2 | LE>; LEg

LEq; LE> | LEs; LEq | LE;; LEy | LEs; LE>

«LE; | «LE;

(LE2)

——

E — YixI[C]|Y][d]8
C — Y,.C|LC|L

L —-1]2]|...1]n

Lemma 11. For any LREA over Ty, generated from the grammat, m(A) =i € {0, 1,2} iff A is generated
from the grammaig’ with LE; as the start symbol.

Proof. We prove by induction on the structure xf
Basis We consider three cases, one for each valua(@f):

1. We proven(A) = 0 iff A is generated from the gramméf with LE as the start symbol.
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(@) IfA=i:(d)j, then from the grammag’ we know that\ can only be generated using the production
ruleLEg — i : (8); with LEg as the start symbol. Also, using the production fiulig — i : () gives
m(i : (8)j) = 0 from definition ofm.

(b) IfA=i:(8);j, then from the grammag’ we know thaf\ can only be generated using the production
ruleLEg — i : (8); with LEq as the start symbol. Also, using the production fiulg — i : (8); gives
m(i : (8);) = 0 from definition ofm.

(c) IfA=i:(¥%)j, then from the grammag’ we know thai can only be generated using the production
rule LEg — i : (Yk)j with LEg as the start symbol. Also, using the production iy — i : (Yq);
givesm(i : (Yc)j) = O from definition ofm.

(d) If A=i: (Y% Ix [C])j, then from the grammag’ we know thatA can only be generated using the
production ruleLEq — i : (Y Ix’ [C]);j with LEg as the start symbol. Also, using the production rule
LEo —i: (Yedx [C])j givesm(i : (Yc Ixs [C])j) = O from definition ofm.

We provem(A) = 1 iff A is generated from the grammé@f with LE; as the start symbol. No base cases

(expressions derived usirigas the start symbol) have am- value = 1. Also, from the grammaj’ no

base cases can be generated ukigas the start symbol. Hence this holds trivially.

. We provem(A) = 2 iff A is generated from the gramméf with LE> as the start symbol. No base cases

(expressions derived usirtgas the start symbol) have am- value = 2. Also, from the grammaj’ no
base cases can be generated ukifgas the start symbol. Hence this holds trivially.

Induction HypothesisLet A1 and A, be two LREs overZy, generated from the gramma} such that
m(A1) =i iff A1 is generated from the grammg with LE; as the start symbol armi(A,) = j iff Az is
generated from the grammgY with LE; as the start symbol.

Induction StepWe consider the following cases:

1.

If A = A1 4+ A2. We again consider three cases:

(@) If m(A) = 0, then from definition ofm, we know thatm(A1) = m(A2) = 0. We also know from
induction hypothesis that bodh andA; are derived using the start symhdiy. Also the production
rule LEg — LEg + LEg generatea.

If A is generated from the grammé@f using the start symbalEo, the only way to deriva is to use
the production ruld.Eg — LEg 4+ LEg. From induction hypothesis and definition of it follows
thatm(A) = 0.

(b) If m(A) = 1, then from definition oim, we know thatm(A1) = m(A2) = 1. We also know from
induction hypothesis that body andA; are derived using the start symhd;. Also the production
ruleLE; — LE; + LE; generates.

If A is generated from the grammé@f using the start symbdlE1, the only way to deriva is to use
the production ruld.E; — LE; + LE;. From induction hypothesis and definition of it follows
thatm(A) = 1.

(c) If m(A) = 2, then from definition ofm, we know that eithem(A1) # m(A;) or atleast one ok or
A2 has armvalue of 2. We also know from induction hypothesis that for a {0,1,2}, m(Aj) =i
iff A;j is derived from the grammag’ with LE; as the start symbol.

i. If m(A1) =21andm(A2) =0. Then, from induction hypothesis, we know thatis derived from
the grammag’ usingLE; as the start symbol ang is derived from the grammay’ usingLEg
as the start symbol. Then, the only way to dedivefom G’ is by using the start symbalE;
and then the production ruleE; — LE; + LEg.

ii. If m(A1) =0andm(A2) = 1. Then, from induction hypothesis, we know thatis derived from
the grammag’ usingLEg as the start symbol anlg is derived from the gramma§’ usingLE;
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as the start symbol. Then, the only way to dedivefom G’ is by using the start symbalE;
and then the production ruleE; — LEg + LE1.
iii. We consider three cases:
A. If m(A1) =2 andm(A2) # 2, then we know from induction hypothesis, thatis derived
from the grammaig’ usingLE; as the start symbol ankb is derived from the grammar
G’ usingLEp as the start symbol ifn(A2) = 0, else it was derived usinigt; as the start
symbol. Then, the only way to derivefrom G’ is by using the start symbaE; and then
the production rulé.E; — LE> + LEg or the ruleLE; — LE> + LE; as the case maybe.
B. If m(A1) # 2 andm(A2) = 2, then we know from induction hypothesis, thatis derived
from the grammaig’ usingLE; as the start symbol anky is derived from the grammar
G’ usingLEg as the start symbol ifn(A1) = 0, else it was derived usinigt; as the start
symbol. Then, the only way to derivefrom G’ is by using the start symbaE; and then
the production ruld.Ex — LEg + LE, or the ruleLE; — LE1 + LE2 as the case maybe.
C. If m(A1) = m(A2) = 2, then we know from induction hypothesis, that bathandA, are
derived from the grammag’ usingLE; as the start symbol The only way to derivérom
G’ is by using the start symb&E, and then the production ruleE; — LE; + LE».
If A is generated frons’ usingLE> as the start symbol, then it can be derived using one of thensev
following production rules:
i. LE; — LEg + LE>
ii. LEo — LE> + LEg
iii. LEo — LEo> + LE>
iv. LE; — LE; + LE>
V. LEo — LEo + LE;
vi. LEo — LEg + LE;
vii. LEo — LE; + LEg
In each of the cases mentioned, it follows from the inductigpothesis and definition af that
m(A) = 2.
2. If A = —(A1). We again consider three cases:

(@) If m(A) =0, then from definition oim, we know thatm(A1) = 1. We also know from induction
hypothesis thak1 is derived from the start symbalE;. Hence the production ruleEy — —LE;
generates\. If A is generated from the grammat’ using the start symbdlEg, then from the
grammar the only way to deriveis by the production ruleEg — —LE1. From induction hypothesis
and definition ofm, it follows thatm(A\) = 0.

(b) If m(A) =1, then from definition ofm, we know thatm(A1) = 0. We also know from induction
hypothesis thak is derived from the start symbaE,, and the production ruleE; — —LEg gen-
eratesh. If A is generated from the grammér using the start symbdlEq, then from the grammar
the only way to derive\ is by the production ruléE; — —LEg. From induction hypothesis and
definition ofm, it follows thatm(A) = 1.

(c) If m(A) =2, then from definition ofm, we know thatm(A1) = 2. We also know from induction
hypothesis thak is derived from the start symbaE,, and the production ruleE, — —LE> gen-
eratesh. If A is generated from the grammé@f using the start symbalE,, then from the grammar
the only way to derive\ is by the production ruléE; — —LE». From induction hypothesis and
definition ofm, it follows thatm(A) = 2.

3. If A = xA1. We consider two cases:

(@) If m(A) =0, then from definition ofm, we know thatm(A;1) = 0. We also know from induction
hypothesis thak1 is derived from the start symbaEg, and the production ruleEg — *LEg gen-
eratesh. If A is generated from the grammé@f using the start symbalEq, then from the grammar
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4.

5.

the only way to derive\ is by the production rulé.Eqg — *LEg. From induction hypothesis and
definition ofm, it follows thatm(A) = 0.

(b) If m(A) = 2, then from definition ofm, we know thatm(A1) # 0. Supposen(A1) = 1, then we also
know from induction hypothesis; is derived from the start symb&E,, and and the production
rule LE; — xLE; generated. If A is generated from the grammg¥ using the start symbdlE;,
then from the grammar the only way to derivés by the production ruleE; — *LE;. From induc-
tion hypothesis and definition aof, it follows thatm(A) = 2.

Supposen(A1) = 2, then we also know from induction hypothekisis derived from the start sym-
bol LE,, and and the production rulee; — xLE, generated. If A is generated from the grammar
G’ using the start symbalE;, then from the grammar the only way to derivés by the production
rule LE; — xLE>. From induction hypothesis and definitionrafit follows thatm(A) = 2.

If A = (A1). We consider three cases:

(@) If m(A) =1, then from definition oim, we know thatm(A1) = 1. We also know from induction
hypothesis thah; is derived from the start symbadlE;, and the production ruléE; — (LEj)
generates\. If A is generated from the grammat’ using the start symbdlE;, then from the
grammar the only way to deriveis by the production ruleE; — (LE;). From induction hypothesis
and defintion ofn, it follows thatm(A) = 1.

(b) If m(A) =0, then from definition ofm, we know thatm(A1) = 0. We also know from induction
hypothesis thah; is derived from the start symbdlEy, and the production ruléEg — (LEp)
generates\. If A is generated from the grammat’ using the start symbdlEp, then from the
grammar the only way to deriveis by the production ruleEq — (LEg). From induction hypothesis
and definition ofm, it follows thatm(A) = 0.

(c) If m(A) =2, then from definition ofm, we know thatm(A1) = 2. We also know from induction
hypothesis thah; is derived from the start symbalE,, and the production ruléE; — (LE2)
generated\. If A is generated from the gramma&}’ using the start symbdlE,, then from the
grammar the only way to deriveis by the production ruleE; — (LE2). From induction hypothesis
and definition ofm, it follows thatm(A) = 2.

If A = A1 0 A2. We consider three cases:

(@) If m(A) =0, then by definition ofm, we know thatm(A1) = m(A2) andm(A1) # 2. If m(A1) =
m(A2) = 0, then from induction hypothesis, botlh andA; are derived usingEg as the start symbol
from grammarg’. The only way to deriva from G’ is by the production rul&éEg — LEg o LEo.

If m(A1) = m(A2) = 1, then from induction hypothesis, bodi andA; are derived usind.E; as
the start symbol from grammag’. The only way to derive\ from G’ is by the production rule
LEo — LEj o LE;.

If A is generated from gramma’ usingLEg as the start symbol, then there are two possible pro-
duction rules to be used: eitheEg — LEg o LEg or LEg — LE1 o LE;. From induction hypothesis
and definition ofm, it follows thatm(A) = 0.

(b) If m(A) =1, then by definition ofm, we know that either of the following cases hold true:

i. m(A1) =0andm(A2) = 1. Then it follows from induction hypothesis thet was derived using
LEo as the start symbol amkh was derived usind.E; as the start symbol. The only way to
deriveA from G’ is by the production ruleE; — LEg o LE;.

ii. m(A1) =1andm(A2) = 0. Then it follows from induction hypothesis that was derived using
LE; as the start symbol ankb was derived usind Eg as the start symbol. The only way to
deriveA from G’ is by the production ruleéE; — LE; o LEo.

If A is generated from gramma’ usingLE; as the start symbol, then there are two possible pro-
duction rules to be used: eitheE; — LEg o LE; or LE; — LE1 o LEg. From induction hypothesis
and definition ofm, it follows thatm(A) = 1.
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(c) If m(A) = 2, then by definition oim, atleast one oh; andA, must have am - value of 2. We
consider the following cases:

i. If m(A1) =m(A2) = 2. It follows from induction hypothesis that boi and A, have been
derived usingd_E> as the start symbol. Then, the only way to de#ivis by the production rule
LE2 — LEz o LE.

i. If m(A1)=2andm(Az)=0. It follows from induction hypothesis thag has been derived using
LE, as the start symbol ankk has been derived usiridsg as the start symbol. Then, the only
way to derive\ is by the production ruleE> — LE2 o LEg.

iii. If m(A1)=0andm(A2) = 2. Itfollows from induction hypothesis thai has been derived using
LEo as the start symbol and has been derived usiride» as the start symbol. Then, the only
way to deriveh is by the production ruleE; — LEg o LE;.

iv. If m(A1) =2andm(Az) = 1. It follows from induction hypothesis thag has been derived using
LE, as the start symbol and has been derived usirige1 as the start symbol. Then, the only
way to derive\ is by the production ruleE> — LE2 o LE1.

v. If m(A1) =1 andm(Az2) = 2. It follows from induction hypothesis thaj has been derived using
LE; as the start symbol ankk has been derived usird:, as the start symbol. Then, the only
way to deriveh is by the production ruleE; — LE; o LE;.

If A is generated from gramma}’ usingLE; as the start symbol, then it is derived using one of the
five following production rules:

i. LE; — LE2 o LE.
ii. LEo — LE; o LEg.
iii. LEo — LEg o LEo.
iv. LE, — LE> o LE1.
V. LE; — LE; o LEo.

In each of the cases mentioned, it follows from the inductigpothesis and definition af that
m(A) = 2.

6. If A = A1; A2. The proof follows from the proofs of and+ operators.

Hence proved.

Corollary 1. Every LREA over 7y, which can be generated from the grammarcan also be generated
from the grammaig’ and every LRB over 7y, which can be generated from the gramnggrcan also be
generated from the grammaj.

Proof. 1. If A can be generated from the gramngarthen by definitiorm(A) € {0, 1,2} and always gets a
unique value. Hence it can also be generated from the grargmasing LEmn) as the start symbol as
shown in Lemma 11.

2. If M is generated from the grammg¥, then using the production ruleE’ — LEq | LE; | LE2, A’ can
be generated from either of these as the start symbol. Agaigi.emma 11)\’ can also be generated
from the grammayg.
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12 Examples

Example 20.Consider the STD of a transition systdn= (1,X,Q,S3,T) shown in Figure 20. Lek be an
LRE overZy, such that

A=A+ A2
A = ﬁ(ﬁa (Vo)1) + (1 mm) 5 (2:(6)2)

Ay = ﬁ(ﬁ(z 1(V2)2) + —(2: (Y2)1)> °(1:(8)1)

Assume for ease of exposition thet 2. We illustrate through this example tHetA ] (S1,S) = [#A ] (S1, ).
With the use okA, we get a smaller state space as reachable.

Fig. 4: STD for Example 20

Example 21.LetA € SG be an LRE ovefly,. Suppose we want to encode that only the frontier set ofstate
(i.e. the new set of states seen uptil now) is being used iresmmputation. LeT o indicate the image of
the current set of states afbachede the current set feenstates. To encod€oA Reachedusing the
grammarg’, we would usé\ = =(A1 + A2), where

A=-(1:(M)1)
)\2 =1: (5)1

Assumptions thag, stores the seReachedbefore the evaluation ok on S. Also need to mention that
the length of the State Set Vectors is kept small for ease pbgkon. Explain also why this cannot be
written using any other production rule. Also mention tha ave not yet tried out such encodings in our
experiments, but this would be a crucial step in encodinghahility algorithms.

Example 22.LetA € SG be an LRE ovefly,n. An useful LRE using the production ruléq — —LE; would
beA = =(=(1:(3)1) + ~(1:(3)2)). [A](SL(X), S(X)) = (S1(X) A S(X), S(X)).
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Example 23.LetA € SG be an LRE ovefly,. An useful LRE using the production ruldg — LE; o LE;
would be

A =A10A2 where
Ar=-1:(0)1+-1:(8)2+ —3:(d)3+ =3:(d)4
A =1 (6)1 + -1: (6)3

[A1oA2] (S1(X), S2(X), S(X), (X)) = (S (X) AS (X)) V (S(X) AS4(X)), S2(X), S3(X) AS4(X), Sa(X)).

13 Properties of LRES

We also prove some other properties. BEX) be a State Set Vector of length
Property 1.A + A=A
Proof. We know that

[N +A](S(X)) = [A](SX)U [A](S(X))  (From LRE semantics)
= [AJ(S(X)) (From definition ofti)

HenceA + A = A. In other words+ is an idempotent operator.
Property 2. A1 + A2 =A2 + A1
Proof. We know that

A1+ A2] (8(X) = [M](SX)) U [A2]}(S(X))  (From LRE semantics)
= [A2] (S(X)) L [A1] (S(X)) (From commutativity of )

HenceA1 + A2 = A2 + A1 In other words the operater is commutative.
Property 3.A + 8 =A
Proof. We know that

[A+8](8X)) = [M(SX))U[B] (8X)) (From LRE semantics)
= [AJ(S(X))u(0,...,0) (From LRE semantics)
= [A](S(X))

HenceA + 6 = A. In other words is theadditive identity_ RE.
Property 4. A1 + (A2 + A3) = (A1 + A2) + A3
Proof. We know that

[A1+ (A2 +A3) [ (S(X))

[AM](SX) U (A2 4+ A3)] (SX)) (From LRE semantics)

[A1] (SX))U [A2] (S(X))U [A3]] (S(X)) (From LRE semantics)
A1+ A2 (SX) U [A3] (S(X))  (From associativity of!)

[(A1 4 A2) +A3] (S(X))

Henceh1 + (A2 + A3) = (A1 + A2) + Asz. In other words, the operator is associative.

=
=
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Property 5.A o d=80A=A
Proof. We know that

[A+8](SX)) = [8]([A](S(X)) (From LRE semantics)
= [AJ(S(X)) (From LRE semantics)

Also, [50A] (S(X)) = [A]([8] (S(X))) (From LRE semantics)
= [AJ(S(X)) (From LRE semantics)

Hence\ o 8 =30 A = A. In other wordsp is themultiplicative identityL RE.
Property 6. Ao =00\ =9
Proof. We know that

[A8](S(X)) = [6](IA](S(X))) (From LRE semantics)
= (0,...,0) (From LRE semantics)
= [B](S(X)) (From LRE semantics)

1([[8] (X)) (From LRE semantics)
1(0,...,0) (From LRE semantics)

= [8] (é())()) (From LRE semantics)
Henceh o 8 =80 =86.

Property 7.A10 (A2 0A3) = (A1 o A2) o A3

Proof. We know that

[Aro A20A3) [ (S(X)) = [(A20A3) ] ([A1](S(X))) (From LRE semantics)
[Az] ([A2] ([A1] (S(X)))) (From LRE semantics)

Also, [(A1 0 A2) o As] (S(X)) = [As]l([(A10A2)[ (S(X))) (From LRE semantics)
= [As] ([A2] ([As](S(X))))  (From LRE semantics)

HenceA1 o (A2 o A3z) = (A1 0 A2) o As. In other words, the operater is associative.
Property 8. A1 0 (A2 + A3) = (A1 0 A2) + (A1 0 A3)
Proof. We know that

[A1o (A2 +A3)[(S(X)) = [Az+ As] ([A] (S(X))) (From LRE semantics)
Jul

[
= [A2] ([M](SX)) U [As] ([M](S(X)))  (From LRE semantics)
= [[A1oA2] (S(X)) U [[A1 0 A3] (S(X)) From LRE semantics
= [(A10oA2) + (A1 0 A3)](S(X)) (From LRE semantics)
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HenceAi o (A2 + A3) = (A1 o A2) + (A1 o A3). In other words, the operatar distributes overt+ on the
left.

Property 9. &+ A1 A2 =A1; Ao
Proof. We know from definition of LRE semantics that
Aid2= (A +8) o (A\2+9d)
Henced + A1;A2 =+ (A1 + 8) o (A2 + )
-5+ A+ 8) o2+ A1+ 5 From Property 8
=M+ 8) oAy + A1+ 5+ 8 From Property 2

=M+ 8) oAa+ A1+ 5 From Property 1
= A1; A2 From LRE semantics

Property 10.A1; (A2;A3) = (A1;A2); A3
Proof.

( ) o (A2;A3) + 8) From LRE semantics
= ( ) o (A2; A2) From Property 9
=(A1+98) o ((A2+ 8) o (A3 + 8)) From LRE semantics
= (A1 + 6) (A2 + 8)) o (A3 + 8) From Property 7
(

Hence proved. In other words, the operator ; is associative.

Propertyll.é;)\:)\;éz)\+8

Proof.
[8;A](S(X)) = [(B+38) o A+ )] (S(X)) From LRE semantics
=[50 (A +8)] (X)) From Property 3
= [A+ 3] (3X)) From Property 5

6+ )] (S(X)) From LRE semantics
(S(X)) From Property 3
= [N+ 3] (S(X)) From Property 5

Hence proved.

Definition 27. Write set of an LREThe Write set of an LRR over 7y, denoted/N(A) gives the set of
labels corresponding to the components of the State SebM8df lengthn which are potentially updated
while evaluating\ on'S.
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Given an LREA over 7y, we provide an inductive definition &¥(A) as

1. IfA=j: () andj #i, thenW(\) = {j}.

2. IfA=j:(8)i thenW(A) = {j}.

3. IFA=j: (V)i thenW(A) = {j}.

4. 1 =j: (% Iy Yps---, g, U,...V])i thenW(A) = {j}.

5. If A =A1+ A2 thenW(A) =W(A1) UW(A2).

6. IfA=A10Az2thenW(A) =W(A1) UW(A2).

7. f A=A A2 thenW()\) =W<O\1 +1: (5)1) o ()\2 +1: (5)1)) ZW()\]_ +1: (6)1) UW()\Z +1:
(8)1) =W(A1) UW(A2).

8. If A = (A1) thenW(A) = W(Ay).

9. If A = xA1 thenW(A) = W(Ay).

Justification: We know from definition thaghs = (1: (&)1 + A1 + (A1)? + ...). Also,W(1: (8)1) =
from step 1, and for anly> 1, W((A1)¥) =W(A1) from step 6. HencW(*)\l) W(1:(d)1) UW(A1)
W(A1).

10. If A =-AgthenW(A) ={1,...,n}.
Justification: We know from definition of LRE semantics that theoperator negates (complements)
the values of every component of the State Set Vector on whielexpression is evaluated. Hence, as
it changes the values of every state component, its writmektdes all the labels.

0

Definition 28. Read set of an LREThe Read set of an LRE over 7y, denotedR(A) gives a set of labels
corresponding to the components of a State Set Vegtarlengthn whose values are used to potentially
change the values of some component in the State Set Vestdting from the evaluation of on S.

Given an LREA over 7y, we inductively defindr(A) as

IfA=]:(d)andj #i, thenR(A) = {i}.

If A =j:(8) thenR(\) =0.

IfA=j:(%)ithenR(\) = {i}.

A= (Ydx [Yp, ..., Yg,u,.. V)i thenR(A) = {i,u,...,v}.

IfA=A1 4+ A2 thenR(A) = R(A1) UR(A2).

. IfA=A10A2thenR(A) = R(A1) U(RA2) \W(A1)).

Justification: Consider a State Set Vect8r We know from LRE semantics thdth1 o A2] (S(X)) =
[A2] ([A1] (S)). SoR(A1) € R(A). Also, it is enough to consider only those labels fr&,) which
have not been potentially changed by the applicatiodn@nS. HenceR(A) = R(A1) U(R(A2) \W(A1)).

oOUAWNE

7. If A= A1; A2 thenR(A) = R(()\l +(1:(8)1) oA+ (1: (5)1))> = R(A\1) U (R(A2) \ W(A1)) from

cases 6, 5and 1.

8. If A = (A1) thenR(A) =R(Aq).

9. If A = xA1 thenR(A) = R(A1).
Justification: We know from definition thath; = (1:(8)1 + A1 + (A1)? + ...). Also, R(1 : (8)1)
from step 1, and for ani > 1, R((A1)¥) = R(A1) from step 6. Henc&(xA ) R(1:(3)1) UR(A1
R(A1).

10. IfA=-AgthenR(A) ={1,...,n}.

Justification: We know from definition that-A1 changes the values of all components of the State Set
VectorS(X) on which it is evaluated. Hence, all labels belong to the szad

=0
)=
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Lemma 12. LetA be an LRE ovefZy, and aS(X) be a State Set Vector of length n. K MW(A), then
([AD(S(X)))i = S(X).

Proof. Follows from definition of LRE semantics and Write set.

Lemma 13. LetA be an LRE ovefy . Given State Set VectdséX ) andP(X), if Vk € R(A), &(X) = P(X),
thenv j € (W) URM)), ([A](S(X))); = ([A] (P(X)));-

Proof. We consider the following cases:

1. If j e RAA) andj ¢ W(A), then([[A] (S(X)))j = ([A] (P(X))); follows from Lemma 12 and given
condition.
2. If j e W), then([A] (S(X)))j = ([A] (P(X))); follows from LRE semantics and given condition.

Hence proved.

Corollary 2. LetA be an LRE ovefly, andS(X) andP(X) be State Set Vectors of length n each@R(A),

andvj # i,Sj(X) = Pj(X), thenvk # i, ([A] (S(X)))k = ([A] (P(X)))k-
Proof. Follows from Lemma 12 and Lemma 13.

Example 24.We illustrate some special cases of the LREdb.

LREARA)] W)
) 0 0
0 0 |{1,2,...,n}

Corollary 3. LetA be an LRE ovefly,. Then,

1. W(A + 9) :W()\)

2. RA+93)=R(A
3. WA +8) = {1 ,n}
4. RN+ 0) = ()

Proof. Follows from definition of read and write sets.
Property 12.LetA1,A> be LREs oveffyp. If W(A1) CW(A2) and(R(A2) "\W(A1)) = 0, then

1. MoAa=Mo _
2. A1, A=A+ 0.

Proof. 1. We consider two cases:
(@) Ifi ¢ W(A2), theni ¢ W(A1) also. Hence, from Lemma 12, we have

HenceA1 o Ay = Ao,
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(b) Ifi €W(A2), thenifi ¢ W(A7), then from Lemma 12, we havéi A2 ] ([A1] (S(X))))i = ([A1] (S(X)))i =
S(X). Elseifi € W()A1) also, then ¢ R();), then from Corollary 2, we havd[ A2 ]| ([A1] (S(X))))i =
([A2] (S(X)))i. HenceAq o Az = Aa.
Hence proved. R R
2. We know from definition thak1; A2 = (AL + &) o (A2 + 8). Also from Corollary 3, we knowV(A; +

0) =W(A1),W(A2 + 3) =W(A2), R(A1 + &) = R(A1), andR(A2 + &) = R(A2). The result follows from
these and case 1.

Property 13.LetA be an LRE oveffy . If RA)NW(A) =0, then

1. AoA=A
2. (AN +8)or=A
3. Vm>1, A=\
4 A=A A =8+ A

Proof. Let S(X) be a State Set Vect&of lengthn.
1. (a) We know from Lemma 12 that ¢ W(A),

([AT (SN = S(X)
Also, ([AT([AT(S(X))))i = ([A](S(X)))i = S(X)

HenceA oA = A From LRE semantics

(b) Vi e W(A), we know thai ¢ R(A). Then, from Lemma 13
(IAT(SX)))i = ([A] (AT (S(X))))i- Also from the previous case we know thét ¢ W(A), we
haveh o A = A.
Hence proved. R R
2. From Corollary 3, we knoR(A + 8) = R(A), andW (A + 8) =W(A). Hence the property follows from
Property 12.
3. We prove by induction om.
Basis: When = 1, it holds trivially. When m= 2, it follows from case 1b.
Induction Hypothesis: Assumél <i<m, A = A.
Induction Step: We know thaf*1 =A™ o A = X o A = A from hypothesis.
Hence proved.

sA=3+A+ (A)2+... From definition
=8+A+A+... Fromcaseslaand3
=8-+\ From Property 1

Next, we prove thai ; A = 5+ .

AA=(A+3)o(A+8) From definition
=8+\ From Corollary 3, case 1la and Property 1

Property 14.LetA1,A2 be LRES oveffy . If A1 < A, then—-Ag = —As.
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Proof. Let S(X) be a State Set Vector of lengthWe have

] (S(X)) = [A2] (S(X))  SinceAs <Az
S0,~[A1] (S(X)) = =[[A2] (S(X)) From the definition of~
Hence,[-A1] (S(X)) = [-A2] (S(X)) From LRE semantics

Hence proved.
Property 15.LetA be an LRE ovefyn. Then,—(—=(A)) = A.
Proof. Let S(X) be a State Set Vector of length Then,

[=(=ANT(SX)) = ~(=[A](S(X))) From LRE semantics

= [;]] (S(X)) From definition of-
Hence proved.

Property 16.LetA1,A> be LREs overFy . Then,—~(A1 o A2) = A1 0 —Az.
Proof. Let S(X) be a State Set Vector of length Then,

Ao -A2] (3X)) = [-A2] ([M] (S(X))) From LRE semantics
(S(X))) From LRE semantics

(S(X)) From LRE semantics

= [~(A1 0o A2)](S(X)) From LRE semantics

Hence proved.

13.1 Properties of LRESs belonging to either subclass 0 or sglass 1

Property 17.Let A1,A2 be LREs overZy,. If A1,A2 € SGy, then for State Set Vecto&X) andP(X) of
lengthn each,

] (SX) U [A2]l (P(X)) = A1 + A2] (S(X) UP(X))

Proof.
S(X) < S(X)UP(X)
P(X) < S(X)UP(X)
SinceAr, A2 € SG, [A1] (S(X)) = [A] (S(X) UP(X))
and, [A2] (S(X)) = [A2]] (S(X) UP(X))
Hence,[A1] (S(X)) U [A2] (F(X)) < [A1 4+ A2]} (S(X) UP(X))

From monotonicity of |

Property 18.Let A1,A2 be LRES overZy . If A1,A2 € SG, then for State Set VectogX) andP(X) of
lengthn each,

] (SX)) U [A2] (P(X)) = [Az + A2 (SX) UP(X))
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Proof.
S(X) = S(X)UP(X)
P(X) < S(X)UP(X)
SinceA1, Az € SG, [A1] (S(X)) = [A1] (S(X) LP(X))
and, [A2] (S(X)) = [A2] (S(X) UP(X))
Hence,[A1] (S(X)) U [A2] (P(X)) = [A1 + A2]} (S(X) UP(X))

From monotonicity of |

Definition 29. Given an LRE\ over Ty, and a State Set Vect&X) of length n for a transition system B,
[A] g is both monotonically increasing and monotonically desiag if [A ]| g(S(X)) evaluates to a constant
State Set Vector i.e. which only depends on the underlyamgition system B.

Example 25.A = fis an example of an LRE which is both monotonically incregsamd monotonically
decreasing.

Property 19.LetA1,A2,A3 be LRES ovefly .

1. If A3 € SG, then(A1 + Az) o Az = (A1 o A3) + (A2 0 Ag)

2. IfA3€ SG, then(A1 + A2) o A3 X (A1 0 A3) + (A2 0 A3)

3. If [[A3] is both monotonically increasing and monotonically desieg, then(A1 + A2) o A3 = (A1 o
)\3) + (}\2 o )\3)

Proof. 1. LetS(X) be a State Set Vector of lengthFrom LRE semantics, we get

[(A1+A2) 0 As] (S(X)) = [As] ([M1 +A2](S))
= sl ([M] (SX)) U [A2] (8(X)))
= [N ([A] (SX)) U [As] ([A2] (S(X)))  From Property 17
= Ao As] (S(X)) U [A2 0 A3]} (S(X))

Hence proved.
2. LetS(X) be a State Set Vector of lengthFrom LRE semantics, we get

[(A1+A2) 0 A3](S(X)) = [As] ([A1 + A2] (S))
= sl ([M] (SX)) U [A2] (8(X)))
= s ([A] (SX))) U [As] ([A2] (S(X)))  From Property 18
= [[A10oAs](S(X)) U [A2 © As] (S(X))

Hence proved.
3. Follows from previous two cases.

Property 20. Let A1, Ao, A3 andA4 be LREs ovefly . Then

1. If Ax <Az andAz < Ag, then(A1 + Az) < (A2 + Aa)

2. If A1 <Az andAz < A4, then(Ap 0pAz) < (A2 0pA4), whereope {o,; }ifeitherAze SG oris € SG
3. (A1;A2) =< (A1 A2)"H, foralli > 0 if eitherh; € SG or A2 € SG

4. 1f Ap < Ao, then(A1)' =< (A2)' foralli >0, and(xA1) < (xAz) if eitherA; € SG or Az € SGy
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Proof. 1. LetS(X) be a State Set Vector of lengthWe know that

[+ As] (BX)) = [A] EX)U [Aa] (B(X)) from LRE semantics
= [[)\2]] (E(X)) U [[)\4]] (QX)) SinceA1 < A2 andAz <X A4
= [A2 + M] (S(X))

2. LetS(X) be a State Set Vector of lengthWe know from LRE semantics that

[Ax o A3l (S(X)) = [As] ([A1] (S(X)))
= [A]([A](S(X)))  Sincehs = A4
< [A]([A2] (S(X))) Sincehs € SG andA; < A,
= [A20Aa]}(S(X))

Similarly, it can also be shown that

s ([ALD (X)) = [As ([A2] (S(X))) SinceAs < A2 andAs € SG
[ ([A2]1(S(X))) ~ SinceAz < A4
° A4]

Also, (A1 ; A3) < (A2 ; Ag) follows using a similar argument and case 1 if eithgee SG or A4 € SG.

3. We proceed by induction dn
Basis Wheni =0, we haved < (A1; A2).
HypothesisAssume for 0< k < i, (A1; A2)K < (Ag; Ap)KHL,
Induction StepWe know by definition of semantics th@ty ; A2) 1 = (A1; A2)' o (A1; A2). Also, (A1; A2)' <
(A1; )\2)‘“ from induction hypothesis angh1; A2) < (A1; A2) from LRE semantics. Hence from Case
2, we havghr; A2)'*1 < (A1; A2)"*2. Hence proved.

4. We proceed by induction dn
Basis Wheni = 0, we have\; < Aj.
HypothesisAssume for 0< k < i, (A )% < (A2)K.
Induction StepWe know from LRE semantics thgh1)'*? = (A1)' o A1. Also, from induction hy-
pothesis, we know tha(t)\l)i =< ()\2)‘ and A2 < A2. Hence the property follows from Case 2. Also
LIP o(M1)" < LPo(A2)'. Hence proved.

Definition 30. LetA be an LRE ovefly, andS(X) be a State Set Vector of length n. Thgm) ] (S(X)) =
limi_e P(S(X)), where

o (31X ifj=0
Pi(S(X)) = {pjl(é(x)) U A (Pi-1(S(X))) otherwise

Lemma 14. For a transition system B- (I,X,Q,%,T), given a State Set Vect&X) of length n and an
LREA € SG over setlyp,

1. R(S(X)) = P11(S(X)) B B
2. If R41(S(X)) = R(S(X)), then R(S(X)) = R(S(X)), Vj >
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3. limj_e R(S(X)) = Pyq (S(X))

Proof. 1. We proceed by induction dn
Basis Wheni = 0, we havePy(S(X)) = S(X) by definition. AlsoPy (S(X)) = Po(S(X))U [A] (Po(S(X))) =

Po(S(X)). B B
Induction HypothesisAssume thab; (S(X)) < Pr+1(S(X)), for0<r <.
Induction StepWe know from definition that

|+z(S(X))— P 1(SX) U [A] (R+2(8(X)))
R(SX)) U [A](R(S(X)) sinceA € SG and from induction hypothesis

= .+1(§(X)) From definition

2. We know that

R+1(S(X)) = R(S(X))
Also, P 2(S(X)) = P11(S(X)) U [A] (P+1(S(X))) From definition
Hence P 1(S(X)) = R(S(X))U [A] (R(S(X)))  SinceR1(S(X)) = R(S(X))
=P.1(S(X)) from definition
= R(3X)

3. Itis important to note that eadh is evaluated on a State Set Vec8&X) of n components. Each(X)
belongs to a lattice of heigh®| ordered by subsetinclusion. So the State Set VEboy can be viewed
as a composite lattice of heighiQ|. Hence the computation would terminateni®)| steps as from Case
1, we know that every step is only going to possibly add mote gkstates, and from Case 2, we know
that if at any step, the current State Set Vector does not change, then fixpasbhen reached.

Lemma 15. For a transition system B- (I,X,Q,S,T) given a State Set Vect&X) of length n and an
LREA € SG over Ty, [*A] (S(X)) = Poq (S(X)).

Proof. Follows from Lemma 14 and definition of LRE semantics.
Property 21.Given a State Set Vect&X) of lengthn and using the definition from Definition 30,

1. Py (S(X)) = R(S(X)), ¥
2. R(P(S(X))) =Ry (S(X))v_Vi, Vi
3. Vi,Pyq(R(S(X))) = Pyqi(S(X))

Proof. 1. From definition, we know thati < n|Q|, we havePyq(S(X)) = R(S(X)). Also, from Lemma
2, we havevi > n|Q|, Py (S(X)) = R(S(X)). Hence proved.
2. We proceed by induction dn
Basis Wheni = 0, we havePy(Pj(S(X))) = Pj(S(X)) from definition.
Induction hypothesisAssume for 1< k < i, A(Pj(S(X))) = Pes-j(S(X)).
Induction stepWe have by definition
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R11(P(S(X))) = R(P;(S(X) U [AT (R (P;(S(X))))
= P4j(SX))U [A](P+j(S(X))) From induction hypothesis
= P4j+1(S(X)) From definition

3. We know that

Prq(R(S(X))) = Pygl+i(S(X)) From case 2
= Py (S(X)) Fromcase 1

Property 22.For a transition systeB = (1,X,Q, S, T), letA,A1,A2 € SG be LREs overF,, andS(X) be
a State Set Vector of length Then

1. #(*A) = *A

2. ()N =sA = (+A) L Vi > 1

3. If A1 X Ay, thenxAy < xAo

4. *()\1; )\2) = *(*)\1; )\2) = *(*)\1; *)\2) = *(}\1; *}\2)

Proof. 1. We know from Lemma 15 and Definition 30 thpeA ]| (S(X)) = Pyiq(S(X)), where

iy — £ S fj=0
RS0 ={ 5 w00 (P x50 othenvise

LetsA =N, and [+N\'] (S(X)) = Plol (S(X)), where
) S(X) if j=
PISX)) = { P, (S(X))U [N (P_y(S(X))) otherwise

Hencevi > 1, we have

P/(S(X)) = PL1(SX) U [+A ] (P4 (S(X)))

We haveP)(S(X)) = S(X) = Py(S(X)). Wheni = 1, we have

)) U Py (S(X))
X)) LPq (S(X))
((S(X)) From definition



Assume 0< i < |, P{(S(X)) = Pyjq|(S(X))-
So,

P!, 1(S(X)) = P{(P(S(X))) From Property 21 case 2

= Pj(Pyq(8(X)))
= Py (S(X)) From Property 21 case 3

Hence proved.
. We proceed by induction dn
Basis Wheni = 2, we have

[+A 0 AT (S(X)) = [=A] ([+A] (S(X)))

= Prg (P (S8(X)))
= Py (8(X))
= %A

Induction HypothesisAssume for 2< k < i, A = (xA)X.
Induction StepWe know that

(M) = (xA)K o xA  From definition
= %A oxA From induction hypothesis
=\ From basis

Hence proved.

. Let [+A1] (S(X)) = Py (S(X)), and [ A2 ] (S(X)) = Pr’”Q‘(é(X)). We proceed by induction an
Basis:When = 0, we have?y(S(X)) < Py(S(X)). ~

Induction Hypothesis: Assume<0j < i, B(S(X)) < P/ (SX)).

Induction StepWe know that

P+1(S(X)) = R(SX))u [A1] (R(S(X))) From definition
R 1(S(X)) = F(SX)) L [M] (F(S(X)))  From definition
Also, R(S(X)) < P/(S(X)) From induction hypothesis
HenceP1(S(X)) = P,1(S(X))  asA1 <Az
It follows thatPyq (S(X)) < Py (S(X))

. By definition of semantics, we know that < *A1. Hence from Property 20 case 2, we haye Az <
A1; #A2. Also, from cases 3 and 1, we haw@\1; A2) < x(A1; *A2).

We now show that(A1; A2) = (A1; *A2). [A1; *A2] (§(X)):[[()\1+8)o n‘Q‘]] (S(X)) = P (S(X)
[A2] (S(X))), and let[+(A1; A2) ] (S(X)) = Py g (S(X)). We havePo(S(X)) = S(X) = R (3( ).V
1,R(S(X)) =P_1(SX)) L [A1; A2] (P_1(S(X))). We proceed by induction ain
Basis:When = 0, we havePy(S(X)) < P4(S(X)). Wheni = 1, we haveP; (S(X)) = Py(
S(X)U [A] (S(X)). Also, P{(S(X)) = S(X) U [[Az; A2] (S(X)) = S(X) U [A2]}(S(X)) s

X)U[A] (X)) =
SI

inceAi; Ao >
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8+ A1+ (8 + A1) o Aa. HencePy(S(X)) =< P}(S(X)).
Hypothesis:Assume th& (S(X) LI [A1] (§(X))) < PJ’H(S(X)) forl1<j<i.
) =

|
Induction Stef1(S(X) U [A1]] (S(X))) = R(S(X) U [A1] (S(X))) L [A2] (S(X) U [A1] (S(X))) =
PLa(SX) U [AL] (X)) U [[A2]) (P 1 (S(X) U [A1 ] (S(X)))) from induction hypothesis. It follows that
P+1(S(X) U [A1] (S(X))) = P, 1(S(X)) using induction hypothesis.

Hence we have shown th&k1; #A2) < x(A1; A2). It follows from cases 3 and 1 tha{A1; *A2) =
x(A1;A2). Hence, we now get(A1; xA2) = x(A1; A2). It can be shown similarly that(xA1;A2) =
x(A1; A2). To provesx((xA1); A2) = *((*A1); *A2), we can seh; asxA1 in the previous result.

Property 23.LetA1,A> € SG be LRES ovefly, thenk(A1; A2) = (A1 + A2).
Proof. We prove this in two parts:

1. We first show thak(A1 + A2) < x(A1; A2).

(A1 + A2) < (A1;A2) From LRE semantics
Hencex(A1 4+ A2) = x(A1; A2) From Property 22 case 3

2. Now we show that(A1; A2) < *(A1 + A2).

A1 A2 = (A1 +d)o (A2 +8) From definition
=83+ M+ (A +3) o

Also, letA = A1 + A2. Hence by definitionsA = Py q(S(X)), where

o (30 if j =0
Pi(S(X)) = {pj_l(jc,(x)) U [A](P_1(3(X))) otherwise

Also from Property 21 case 1, we know that for ang n|Q|, R (S(X)) = Pyq[(S(X)). We will now
prove thatP,(S(X)) = A1; Az. It follows from definition that

(A1 +A2)) From Property XX case YY
*(A1+ A2)

P2(S(X)) = S(X) U [A] (S(X)) L [[A2] (S(X)) L [Az + A2 (S(X) L [A] (S(X)) L [A2] (S(X)))
= SX) U [A] (SX) U [A2] (S(X)) U [(A1 + A2)*] (S(X)) From Property 19 case 1
Also, (A1 + A2)%2 = (A1)? + (A1 0 A2) + (A2 0 A1) + (A2)?>  From definition and Property 19 case 1
But, (A\2)2 = A2 From Property AA
Hence, (A1 + )\2) = (A1 + 6) oA
HenceA1; A2 < x(A1+ Ag)
= o(x
= x(

Also, *()\1; )\2)
Hence provee(A1; A2)

Hence proved (A1 + A2) = x(A1; A2).
Theorem 13. Let{A1,...,Ap}, p> 1be afinite set of LRES ovék, such thatvi, Aj € SG. Then

*(M1s .. sAp) = (M4 ... +Ap)
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Proof. We proceed by induction op.

Basis Whenp = 1, the result follows trivially.

Induction HypothesisAssume that the result holds true for plin 1 throughm.

Induction StepConsider a set ah+ 1 LREs overZy,. LetA’ = Az + ... + Amy1. We know from Property
23 thatx(A1 + A') = *(A1; N'). Also from Property 22 case 4, we have

(A1 N)

*()\1; *)\/)
*(A1; *\”)  From induction hypothesis wheM = Az; ... ; Ami1
Hencex(A1 +N) = x(A1; x\")
(
(

Also, x(A1 +N') = (A1; \")  From Property 22 case 4
Hencex(A1;...; Ame1) = *(A1 + ... + Amp1) Since+and ;are associative (Property 4 & Property 10 resp.)

Hence proved.

Definition 31. Union Norm of a State Set Vectsr Given a State Set Vect&of lengthn, its union norm
denoted| S||u is defined agl S|lu= UL, S.

Definition 32. Intersection Norm of a State Set Vec&Given a State Set Vect&of lengthn, its intersec-
tion norm denoted S| is defined as a$ S||n=N.; S.

Lemma 16. LetS andR be State Set Vectors of length n such 8atR. Then,

C |IRln
u € IIR|lu

Proof. 1. We know thailS< R. Hence by definition ok we havevi, S C R.. As U preserves order, we
haveU; S € U; R. Hence|| S|lu € |IR|u from definition of Union Norm.

2. We know thatS < R. Hence by definition of< we havevi, § C R. As N preserves order, we have
NL; SC N, R.Hence) S||n € || R from def|n|t|on of Intersection Norm.

Definition 33. Upper bound vector of a State Set Ve@doGiven a State Set Vect&of lengthn, its Upper
bound vector denote® is defined a¥i, S =|| S||u.

Definition 34. Lower bound vector of a State Set Vec®oiGiven a State Set VectBrof length n, its Lower
bound vector denote is defined a%i, S =|| S||n.

Lemma 17. For any State Set Vect& of length n§’ = S> S-.
Proof. Follows from the definition 08” andS-.

Lemma 18. LetA € SG be an LRE ovefly, andS be a State Set Vector of length n. Then
NS = [A]S = [A](S)
Proof. Follows from the fact thaf A] is monotonically increasing (sindec SG) and Lemma 17.

Lemma 19. LetA € SG be an LRE ovefly, andS be a State Set Vector of length n. Then

AIE&E) = NS = ()



Proof. Follows from the fact thafA] is monotonically decreasing (sindec SG) and Lemma 17.

Theorem 14. LetA € SG be an LRE ovefly andS be a State Set Vector of length n. Then
AT ) lop 2 11TATOS) llop 2 I TAT(SH) llop

where ope {U,N}.

Proof.

EY = S > S From Lemma 17
Hence,[A]
(A

[(S7) = [A](S) = [A](S) Since\ € SG is monotonically increasing

Hence,|| [A](S) llop 2 [ IA](S) llop 2II [A](S) [lop  From Lemma 16
Hence proved.

Theorem 15. LetA € SG be an LRE ovefly andS be a State Set Vector of length n. Then
AT ) lop € ITATOS) llop S I TAT(SH) llop

where ope {U,N}.

Proof.

EY = S > S From Lemma 17
Hence,[A]
(A

(7)< [A](S) =<[A](S) Since\ € SG is monotonically increasing

Hence,|| [A](S) llop S [ IAI(S) llop Sl [A](S) [lop  From Lemma 16
Lemma 20. LetS andR be State Set Vectors of length n. Then,
ISUR|lu=1SlluUlIRIl

Proof. LetP = SUR, then from definitiorvi, b, = SUR,.

n
|Pllu=J (SUR) From definition
i=1

-Us:

=|Sluull R |, From definition

IC:

Hence proved.
Lemma 21. LetS andR be State Set Vectors of length n. Then,

ISUR[la 2 Sl U[IR]~  and,
I SUR{ln € ISlluU Rl

51
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Proof. LetP = SUR, thenvi, P = SUR,.

n
IPlln=() (SUR) From definition
i=1

s o

I
D:

=

:1
I'Slln Ul Rlln

Similarly,

n

[Plln= ﬂ (SUR) From definition

(SUR)

N
T C: I

s UR
i=1 =1
=[ISluUlIR]u
Hence proved.
Lemma 22. LetR be a State Set Vector of length n. Then
~(IR[ln) = =Rlu -

Proof.

3,

(|| R|ln) =—((\R) From definition
]

n
=|J-R From definition of-
i=1
= -RJy From definition of Union norm

1

Hence proved.
Corollary 4. LetR be a State Set Vector of length n. Then
~(IR[lu) = =R In -

Proof. Follows from definition and Lemma 22.

14 Interpreting an LRE from an RE

Given an REo over Cy and a State Set Vect&X) of lengthn, if we want to evaluatd/ o] (Sj(X)) and
store the result ir§ (X), i.e. performS(X) = [o] (Sj(X)), it can be performed by the translatif(i, o, j)
inductively defined as
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i:(0)] fo=Y1|Y2]|...| % |08
B(i,01,j) + (| 02,]) ifo=01+02
B(i,01,j) o | ,02,1) if 0 =0100,
B(i,0.1) = { (B(i.01.) +i:(8);) o (Bi,02,i) +i:(3)) if 0=01: 0
B(i,o01,]) if 0= (01)
-B(i,01,])) if 0 =-01
i:(8)j o*(B(i,01,i)) if 0 ==x01

Lemma 23. Let S(X) be a State Set Vector of length n. Given andR@&ver Cy, there exists an LRE =
B(i,a, ]) overZy,, such that for anyij, [a]] (S;(X)) = ([A] ((X)))i.

Proof. We prove by induction on the structure of
Basis

1. Leto bed.
We know from the construction that

A= B(I’avj)
i:(3)]

Also, ([A] (S(X)))i = ([[i+(8); ] (X))
X) From the definition of LRE semantics
[(Sj(X)) From the definition of RE semantics

1
= D
o1 =

Hence proved.

2. Leto beb®.
We know from the construction that

A =B(i,8,))
=1i:(0)
Also, ([[A] (S(X)))i = ([[i : (8)i ] (S(X)))i
=0 From the definition of LRE semantics

= [[6](Sj(X)) From the definition of RE semantics

Hence proved.
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3. Leto beYp.
We know from the construction that

A =B Y ])
=i:(%)j

(IAT SO = ([ = (Yp); I (S(X)))i
= (Su(X),- -, §-1(X), Imgrr(S;(X), Yp), S11(X), ..., S(X))i
From definition of LRE semantics
= Imgrr(Sj(X), Yp)
= [Y](Sj(X)) From the definition of RE semantics

Hence proved.

HypothesisLet 0; anda, be two REs ovely and a vector of sets of stat€of lengthn, such that there
exist LREsA1 = B(i,01, j) andAz = B(i, 02, j) overZy,, such that

foranyi, j [o1] (Sj(X)) = ([A] (S(X)
And, [02]] (Sj(X)) = ([A2] (S(X)))i

Induction StepWe consider the following cases:

1. Leto beo; + oo.
We know from the construction that

A =B(i,01+ 02,])
= B(iaol7j) + B(iao-27j)

([B(i, 01, ) + B(i,02, ) ] (S(X)));
= ([B(i,02, ) (S v ([B(i,02, 1) ] (S(X)))i
From the definition of LRE semantics
= [o1](§j(X)) V [02] (Sj(X)) Frominduction hypothesis
= [[o1+ 02] (Sj(X)) From the definition of RE semantics

([ATSX)));

Hence proved.
2. Leto beaoy o 0o.
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We know from the construction that

A =B(i,01002,])
= B(iyo—lvj) © B(i702ai)

([AT X))

([B(i,01, ) o B(i,02,1) | (S(X)))i
([B(i,02,1) T ([B(i, 01, ) ] (S(X)));
(IB(i,02,) ] (S1(X),---,S-1(X); [01] (S} (X)), S+1(X), -, S (X)))i

From the definition of LRE semantics and induction hypothesi

= [o2] ([01](Si(X)) SinceR(B(i,02,i)) = {i}

= [[01002](§;(X)) From the definition of RE semantics

Hence proved.
3. Leto beoy; oo.
We know from the construction that

A =B(i,01;02,]))
= (B(i,01,)) +1:(8)i) o (B(i,02,i) +1:(d)i)

(NI S0 = ([(B(i,01,]) +1:(3)i) o (B(i,02,1) +i: (8)i) ]| (S(X)));
= ([B(i,02,0) +i: (8)i [ ([B(i,01,]) +i: ()i} (S(X))))i From LRE semantics
= ([B(i,02,1) +1: ()i [ (S1(X),- -, [01] (§j(X)), S+1(X), -, S(X)) U (S1(X), .., §j(X), §1(X), .-, S(X))))i
From LRE semantics and induction hypothesis
= ([B(,02,1) + i @) [ (St(X),....§(X) V [61] (S (X)), §+1(X). .-, (X))
= ([B(i,02.) | (S1(X),..§(X) V [02] (§(X)), §+2(X), ... SH(X)) L
[i:(®)il(s(X),..., Si(X)V [01] (§j(X)),S+1(X), ..., Si(X)))i From LRE semantics

=S(X)V [o1](S§(X)) V [o2]] (Sj(X)) V [o2] ([01] (Sj(X))) From LRE semantics, induction hypothesis and RE sema
= [0+ 01+ 02+ 01002](Sj(X)) FromRE semantics
= [o1;02](Sj(X)) From RE semantics

Hence proved.
4. Leto be(oq).

Follows from the definition of RE and LRE semantics and inauchypothesis.
5. Leto be—o;.

We know that

([-A1] (S(X)))i = =([A1] (S(X)))i  From the definition of LRE semantics
i (X)) From the induction hypothesis

i (X)) From the definition of RE semantics
Hence proved.

6. Leto bexos.
From the semantics of RE, we know that o [} ] (Sj(X)). We proceed by induction.
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Basis Whenl = 0, we know that

[09](Si(X)) = [8](Sj(X)) From the definition of RE semantics

Also,

(8)j o (G(i,01))°] (S(X)))i From equatior??
2 (8)j oi:(8)i] (S(X)))i From the definition of LRE semantics
i1(3)j](S(X)))i From the definition of LRE semantics
= §j(X) From the definition of LRE semantics

HypothesisAssume that the LRE! is equivalent tas}, 0<1<p.
Induction StepWe know from LRE semantics that"™* = A; o A}. From induction hypothesis and case
2 this followsY | > 0.

Hence proved on the structure @f

Example 26.Leto beY; + Ya.

To get the corresponding LRE, we need to specify both the fsstates we want to apply the transition
clusters on and also the labels where the results of theai@funeeds to be stored. Assume that there are 2
components of the State Set Vec®K), and we want to evaluateon $(X) and store the result i (X),

i.e. Computéy (X) = [0] ((X)) = 1] (S(X)) v [ V2] (S(X)) = Imgrr(S(X), Y1) VImgrr(S$(X), ¥2).
The equivalent LRE would be

We know from LRE semantics that,
[A](S:(X),%(X)) =

Hence[[o] (S(X))

1
>
@
X
9
X
=

15 Discovering strategies

We have seen earlier that RLRESs allow us to express sevarilsstrategies. Given a State Set Vector,
assume that we know which components refer to the view attieof curr, views at the leaves afextand
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views at all the nodes afcc Let A, be an RLRE which nullifies all the state components referrinthe
views at the leaves afextto False. Letmbe a node in theurr tree and letny, ... m be its children. Lehn,

be an RLRE that computes the imdgef the view atcurr’s root under the transition relation represented at
nodemof T T by invokingAm, for each childm; of m, and finally stores the imaden the node corresponding
to min thenexttree.A, may be thought of as sequentially composhig for each childm;, followed by an
updation of the corresponding node, sdy in nextby applying the appropriate Boolean operation on the
views at the children ofrf. Let Ayp be an RLRE which (i) accumulates the view for all state congps
corresponding to leaves okextin the corresponding leaves atc (ii) computes the view for every state
component referring to every internal nodeaaft, (iii) copies the view at the state component for the root
of accto the state component for the root @ifirr, and (iv) nullifies all the state components referring to
the views at the leaves ofextto False. The expressive power of RLREs allows us to express all afehe
computations easily. Sina& (Anui) € W(Ayp), R(Anui) = 0 and bothApy andAyp nullify the views of all
leaf nodes ohext we have\,p o Anyil = Aup. Theith step in the fixpoint computation iNVOIVEBny| © Ar o
Aup)', Wherer is the root ofT T. Using the previous property, this reduces to beipg o (Ar o Ayp)'. Using
semantics of RLREs, we now show that this results of thischesichability analysis strategy can also be
obtained using alternative RLRE’s, thereby permittingdiseovery of different search strategies.

With the definitons ok, andAyp as given above\nyii o Am © Ayp = Anuil © (Am © Aup + d) for every node
mof TT. It can then be shown thaty o limj_o(Am o Aup)‘ = Anull © *(Am o Ayp) using LRE semantics.
Also, since application ofy, involves application oAy, for each childm of mas discussed above, it can be
shown thaiAnuil © Am © Aup) = (Anuil © Amy © Ayp). Hence,

Anull © *O\m o )\up) > Anull © *O‘ml o )\up)
Anull © *O\m o )\up) > Anull © *O‘mz o )\up)

Hence from LRE semantics

(Anuit © *(Am 0 Aup))? = (Anuit © #(Amy © Aup))
o (Anuit © *(Am, © Aup))
But, Anuit © *(Am © Aup))? = Anuil © #(Am © Ayp)
sinceAnui o Aup = Aup and by Property 22 case(2). Hence, from Property 22 casaBhe fact thahy o
Anull © *()\m o )\up) > Anull © *(*()\ml o )\up)o
Also, from LRE semantics, we get for ahyS + %A = *A. Hence, using Property 22 case(4) we get for any
RLREsA1 andAy, x(xA1 o xA2) = *(xA1; *A2) = *(A1; A2). Hence,
Anuit © *(*(Amy © Aup) © *(Am, © Aup))
= Anull © *(*((Am, © )\up); (Am, © )\up)))
= Anull © *(*((Am, © Aup) o (Amy © )\up)))
= Anull © *#(Am o Ayp) From definition
This proves thahnyi © *(Ar 0 Aup) = Anuil © *(*(Ar1 © Aup) © *(Ar2 © Ayp)) Wherer is the root of TT and

r1 andry are its child nodes. Hence, this formalises our notion ofrailfs of strategies arising from a
negation-free decomposition ¥t
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16 Discovering newer strategies

Given a negation-free decompositiongfuse of distributivity laws of conjunction and disjunctioan give
a variety of T T representations. Pushing a conjunction as far dowrnTthevith respect to disjunctions is
a good idea as then the overapproximation involves smadlsraf states corresponding to the views of the
leaves ofcurr. Additionally, use of the modified constrain operator iastef conjunction gives exact sets
of states. We now discuss a new strategy arising from thisrebason.

It is often the case that only a subset afccur in the support of th¥’s. This subset can then be used to
constrain the image operation of thfés. We illustrate this with an example. L¢= Y1 AY2A (Y3 V Ya), where
Y3 andY; are constraint sets dnsuch that-Y3 — Y. Let LRESA; andA encode the image computations
underY, andY respectively. Lef\jj = Aj AAj. There are two ways to expreds We can either usg; =
(A13 + A14) A (A23 + A24) OF A2 = (A3 AA23) + (A1aAA2g). It can be shown using LRE semantics that
A2 < A1 and hence gives a much tighter approximation.

In addition, the modified constrain operator can be usedléogofA) for efficient image computations.
The resulting transition tree is shown in Figure 5. We cai$ tstrategy as input constraining and have
experimented with this approach integrated with the sthteeart traversal algorithms.

/\/\/\
SN N

Yilx Y3 Y2 lx Y3 Y1 lx Ya Y2 Ix Ya

Fig. 5: Transition tree fovi A Y2 A (Y3 V Ya)

17 Encoding Traversal Methods

We first present details about encoding the state of the arétsal methods as LREs. We also establish
correctness of the encoding by proving that LRE based engambmputes the same set of reachable states
as the respective algorithms.

17.1 Notations
The encoding follows these notations:

1. T stands fotrue

. L stands foffalse

. k denotes the number of projections of the state variables

. d denotes the number of input constraints

. 0i(So) projects the initial set of state onto the projection

. Sdenotes the State Set Vectorrofomponents

. § refers to thath components o which is labeled with_;

G refers to tha'th input constraint

. [Lj,vji] refers to a vectoA of labels such that; ¢ Aandvj #i, Lj € A.

CONOUAWN
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17.2 Encoding MBM

The input State Set Vector has= 2k components which are initialised as

Vie{l. kLT
Vie{k+1,...,2k}, L ‘_a(i—k)(&))

It is intuitive to consider the components € {1,...,k}, L; as thereacheg sets and the remaining com-
ponents to store the (corresponding projections of thélpirsets of states. The order of choosing clusters
is important here since for ariyj, W(traverse) N R(traversg) # 0. So different cluster orderings could
produce different sets of reachable states.

Hence the encoding of MBM becomes

x(traversq o traverse o ... o traverse) 3)
Also, the reachable set of stateRigom= AI=XS.

Lemma 24. The reachable set of states computed by the encoding 3 id eqtie reached set of states
computed by the BFS algorithm 1 i@.(BFSy(01(S),...,0k(S0)), [T (I,X)]r)) in the same number of
iterations.

Proof: We prove by induction on the number of iterations. We dertodeset of states computed as reachable
in thet'" iteration of the BFS algorithm 1 asached.

Basis Whent = 0, i.e. at initialisation we haveeached = a;(S). From the encoding, we g& = 0 (S).
Hencereached = S.

HypothesisAssume that at the end of th¥8 iteration,S = reached.

Induction stepAt the end of thel +1)!" iteration, for each projectionthe algorithm computegached'! =
reached Vv Img(reached, Y;). The encoding compute® = S UImg(S, Y,). From the induction hypothesis
and computation ofeachedset of states, we getached! = §. Hence proved.

Lemma 25. The reachable set of states computed by the encoding 3 i$ teqiie set of states computed
by the MBM algorithm 3. Also, our encoding takes exactly #raesnumber of iterations for convergence as
the algorithm.

Proof: Let reached denote the set of reachable states ofithprojection at the end of thg" iteration from
the MBM algorithm. We prove by induction on the number ofatigons thaRnpm= /\{j‘{reache(ﬁ, where
¢ denotes the iteration at which convergence was obtained.

Basis Whenj =0, i.e. at initialisation, we have from the encoding

Vie{l,...,k}, Li—T
Henced,Rnpm = /\:jS = T. Also, from the MBM algorithm we know thati, reache¢P = T. Hence
proved.
HypothesisAssume that at the end of thi8 iteration, we hav&ypm= /\Ej‘{reachetﬂ.

Induction StepFollows from Lemma 24.
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17.3 Encoding RFBF

The input State Set Vector has= 2k components which are initialised as

Vie{1,...,k}, Li — ai(S)
Vie{k+1,...,2k}, Lj«— L

It is intuitive to consider the componentse {1,...,k}, L; as thereacheg sets and the remaining compo-
nents to store intermediate computations. RFBF is encosled a

A = x(traversq o ...traversg o updatelabels (4)
Vi, traverse = (Lisi : (Y | [Lj vjzij<k)u) + Lisi : ()1 )
And, updatelabels= o !=X(L; : (3).,,,) (6)

The clusters can be chosen in any order as foriapyW(traverse) NR(traversg) = 0. Also, the set of
reachable states is computedRag,s = /\}2‘{3.

Lemma 26. The reachable set of states computed by the encoding 5 an@@ua to the set of states
computed by the RFBF algorithm 4 in the same number of itemati
Proof: We prove by induction on the number of iteratidns

Basis Whenl =0, we haveyi, reached=0;(S) = S.
HypothesisAssume that at the end of thi8 iteration, we havei, reacheg=S.

Induction StepAt the end of the(t + 1)" iteration, we have from the RFBF algorithi, reached =
reachegdV Img(y(reached, ..., reacheq),Y,). We know from induction hypothesis thet, reacheg= S,
andVi, reachedl = S.i. So the encoding also computes the same set afteft tha)‘h iteration. Hence
proved.

17.4 Encoding TFBF

TFBF incurs a huge memory overhead as every séb sfates computed in each iteration prior to conver-
gence has to be stored. Also, every convergence check esobinjunction of theo sets stored. This would
result in huge memory blowup. In our framework, we encode anépecified number of TFBF iterations,
sayt without regard for convergence.

The input State Set Vector has= (t + 1)k components which are initialised as

Vie{l,...,k}, Li — ai(S) (7
Vie{k+1,...,tk+k}, Lj— L (8)

It is intuitive to consider the componentse {1,... k}, L; as thereacheg sets and the remaining compo-
nents to store thto sets of states in each iteration. TFBF is encoded as

(traversg o traversg o ... o traversg)o ... o (traversq o traversé o ... o traversé)
traversg = (Likri : (% L [L(-pet viziD g ) © (Lt (O)u + Lit B)iye)
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The clusters can be chosen in any order because the writeeaddets of theraversg for anyk, given ani
are disjoint. Also, the set of reachable states is compa®ig; = /\E‘is.

Lemma 27. The reachable set of states computed by the TFBF encodingd itptations is equal to the set
of states computed by the TFBF algorithm 4 upto t iterations.

Proof: We prove by induction on the number of iteratidns
Basis Whenl = 0, we haveyi, reached=0;(S) = S.
HypothesisAssume that at the end of th8 iteration, we havei, reacheg=S.

Induction StepAt the end of the(l + 1)!" iteration, we have from the TFBF algorithii, reacheg =
reachegyV Img(y(to'l, .. ,toL),\ﬁ). We know from induction hypothesis théit reached= S, andvi, to} =
Si-1)k+i- Hence our encoding also computes the same set aftér+he)™" iteration. Hence proved.

17.5 Encoding TMBM

TMBM is a hybrid traversal of TFBF and MBM. Its intuitive endimg description is

(TFBF_for_t_iterations) o (updatelabels for.MBM) o (MBM.L_till _.convergencg
o (computereachablestates (9)

updatelabels for MBM = o = (Lt 1k ()L

MBML_till _convergence= x(traversq o ... o traverse)
Vi, traverse = (L 1)kiksi - (6)L(t+1)k+i) )

* <L(t+1)k+k+i PO L (L korkr Vjaéi])L<t+1)k+k+i>

computereachablestates= o =k (Li D), +Li: (6)|_<H1)k+k+i)

The input State Set Vector has= 3k + tk components and the set of reachable states is givex|H)S.

17.6 Encoding with Input Constraining

Letd be the number of input constraints.
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18 Encoding MBM with input constraining

We use the encoding intuition of having

LitoLg
Lg41to Log

L (k-1)d+110 Lkd

And,
Lkd+1t0 Lxd+d
Lkd+d+1t0 Lkd+2d

Lkd+ (k-1)d+1t0 Lokd

For the projectiony to store set of initial states
For the projectionm to store set of initial states

For the projectiory to store set of initial states

For the projectiornm to store computed set of reachable states
For the projectiornm, to store computed set of reachable states

For the projectiomny to store computed set of reachable states

We use an input State Set Vector of length 2kd, which is initialised as

V| S {1,,k},VJ S {1,,d} L(ifl)dJrj <—Gi(S))

Vie{kd+1,...,2kd}, Li— T

The encoding of the proceduresiétraverse o ...traversg), where

Vi, traverse = o j

=d
—,traverse

Vi, j, traversej = Lkd+(i—l)d+j . (6)L(i—l)d+j

0 * ( + S (L -nyasj £ OF | [ijLkd+(p1)d+m,p7éi])|-kd+(il)d+m>

The set of reachable states is given\ti\fli (/\H{ S<d+(i—l)d+j> .



63

18.1 Encoding RFBF with input constraining
We use the encoding intuition of having

LitoLy Forthe projectiony to store current set of reachable states
Lgr1toLyg For the projectionm to store current set of reachable states

Lk-1d+1toLka For the projectior to store current set of reachable states

And,
Lkg+1to Lkgrg For the projectiorny to store newly computed set of reachable states
Lkd+d+1to Lkgr2a For the projectionm to store newly computed set of reachable states

Lkd+(k-1)d+1t0 Loka  For the projectior to store newly computed set of reachable states

We use an input State Set Vector of length 2kd, which are initialised as

V| S {1,...,k}, VJ c {1,,d} L(ifl)dJrj (—Gi(&)

The encoding of the proceduresiftraversea o ...traverse o updatq o ... o update), where
Vi, traversg = o }j‘l’traversej

Vi, j, traversej = Lkd+(i—1)d+j . (6)L(i—1)d+j

+ + s <|—kd+(i—1)d+j : (Wl [Ci, L(p—l)d+m,Vp;éi]) ) )
(i-1)d+m

. i—d )
v'v Update = 0 }:]_ <L(il)d+j . (B)Lkd+(i1)d+j)

The set of reachable states is given\qicli (/\}z'{s(i_l>d+j> .

18.2 Encoding TFBF with input constraining
We use the encoding intuition of having

LitoLyg For the projectionm to store current set of reachable states
Lgi1to Loy For the projection to store current set of reachable states

Lk-1d+1toLka Forthe projectiormy to store current set of reachable states

Lkd+ (t—1)kd+(i-1)d+1t0 Lidt t—1)kd+(i-1)d+a FOr the projections to store theo sets computed
using thejt" Input Constraint in thé" iteration
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The input State Set Vector has= kd+ tkd components which are initialised as
Vie{l,... .k}, Vje{Ll,....d} Li_1dtj < 0i(S0)
We claim that the encodingfor t iterations of TFBF with input constraining is
A = (traversg o ... o traversg) o ... o (travers§ o ... otraversg) where,

Vi€ {1,...,k}, traversé = o }j(traversé}) such that

travers¢ = + m{ <Lkd+(pfl)kd+(ifl)d+j : <\H [Cj>Lkd+(p72)kd+(cfl)d+m.,VC;éi]> )
Lkd+(p-2)kd+(i~1)d+m

° (L(i—l)d+k: (6)L(|—1)d+1 + L(i—l)d+i : (6)Lkd+(p—1)kd+[|—1)d+1)

The set of reachable states is givenxqicli (/\}z'{ S(i_l)d+j) .

18.3 Encoding TMBM with input constraining

As TMBM with input constraining is a hybrid traversal of TFB#th input constraining and MBM with
input constraining, we follow a similar intuitive encodidgscription as for TMBM

(TFBF—IC_for_t_iterations o (updatelabels for-MBM — IC) o (MBM — IC_till _convergenck
o (computereachablestateg (10)

Following the intuition of encoding TMBM given in Equatio® &nd the general encoding intuition given in
Equation??, we formalise the description ofaverse, updatelabels updatelabels for.MBM — IC and
computereachablestatesfor TMBM based traversal with input constraining.

updatelabels for MBM—IC = o {=§(Ludska+i © (8L span)

MBM — IC_till _convergence= x(traversg o ... o traversg)
Vi, traversg = o }jtraversej

Vi, |, traverse = Ly 2kd+ (i-1)d+ © (O)Lugrras i nosj
d .
° *( + mei (Lt 2kd (- 1)d+ © (F L G Lika2kd+ (p—1)dtmvpoti ) Lieas s l)d\m)
computereachablestates= o [=kupdate

Vi, update = o }jupdatej
Vi, j, updatgj = Ltkd+2kd+(i—1)d+j : (6)Ltkd+2kd+[|—1)d+1 + Ltkd+2kd+(i71)d+]’ : (6)Lkd+[t—1)kd+(|—1)d+1

The input State Set Vector has= tkd + 3kd components, and the set of reachable states is given by

AN
vis (/\51 Stkd+2kd+(i—l)d+j> :
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19 Reachability Matrices

Given a transition systef® = (I, X,Q, S, T), a Reachability Matrix (RM) [22] is another framework which
permits operations over State Set Vectors. An R\Nf ordern x nis a matrix withn? terms, eachr(j, vi, j)

of which is an RE (possibly with: operator) over the sgf. The REs are applied row-wise to the input State
Set Vector (of lengtm) and are aggregated to get a component of the transformis Sa Vector (also of
lengthn). Formally, letM be an RM which takeSas an input State Set Vector and computes the transformed
State Set VectdR. The application oM on Sis denoted ag§M] (S(X)) and is evaluated as shown

r11r12...rMn
21022 ...12n

rnl rn2 o rnn

(S1(X s SiX)) = (Ra(X), Ra(X), ..., Ra(X)) wherevi € {1,2,....,n}
R(X) = [ria] (S1(X)) V [ri2] (S2(X)) Vv ...V [Fin] (Sa(X)).

19.1 Syntax of RM Expressions

Let {My,...,Mp} be a finite set oh x n RMs over(y. The syntax of an RM expression, henceforth called
an RME overCy, is a terminal string derived from the syntax

M—-M+M
| MoM
M; M
*M
(M)

19.2 Semantics of RMEs

An RME M of ordern x n can be considered as a transformer of a State Set Vectorgthlarinto another
State Set Vector also of length The semantics dfl is denoted agM] 5 : (22)" — (29)", whereQ is the
set of states 0B expressed as a disjunctionlofransitions. We shall henceforth omit the subscBpthen
itis clear from the context. LX) be characteristic function of a State Set Vector of lemgth

We present an inductive definition of the semantics of RMEs.

— @ is the Additive Identity RM wher#/i, j, ®j; = 6.
Define[®] (S(X)) = (0,...,0).
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— Ais the Multiplicative Identity RM where

o fo ifi=]
A'J_{e otherwise

such that[A] (X)) = X(X). _ _
= [M1+Mz]|(SX)) = [M1] (X)) U [M2]} (X))
[M1oM.] (X)) = [M2] ([M1]}(S(X)))
= [M1; M2] (S(X)) = [(M1+A) o (Mz+8)](S(X))
- [ )]](S(X)) = [MI(S(X) _ o
- LetM°=A, andvi > 1, M’ =Mi1o M, then[*M] (S(X)) = LIZo [ (M) ] (S(X))
X

= [-M](S(X)) =~ [MI]/(

) where— refers to component wise negation.

19.3 Operations on Reachability Matrices and Properties
We briefly describe some operations on RMEs taken from [22].
— Given two RMESR andQ, define an RMP =R + Q, where
Vi, ¥V j,Pij = Rij + Qij
— Given two RMESR andQ, define an RMP =R o Q, where
Vi,V j,Pij= +L1Ri o Qi (11)

— Given two RMESR andQ, defineanRMP =R ; Qtobe(R + A) o (Q + A).
— Definition 35. Negation free RME: An RME is said to be negation - free if it has no occurance of the
— operator.

Given a negation free RMER, it can be shown using Arden’s Lemma [4] that it can be expess a
unique RMP.

20 Expressive Equivalence of LREs and RMEs

In this section, we establish the expressive equivalentdRéfs and RMEs by showing that every LRE
over 7y, can be formulated as an equivalent RMEover Gy, and vice-versa.

20.1 Preliminaries

Definition 36. Equivalence of an LRE and an RMEMV
An LRE X overZy,, and an RMEM over Cy;, are said to beemantically equivalent expressions, denoted
A ~ M iff for any transition system and any State Set Vegtof n componentdAJ (S(X)) = [M] (S(X)).

Lemma 28. Let A be any LRE expression ov&f-,. There exists a semantically equivalent RMEover
Cyn such that ~ M.

Proof. We show by induction on the structurelothat there exists a semantically equivalent RMEDefine
a function

0 :LRE — RME

which maps an LRE to its equivalent RMENA ). We prove thah ~ p(A).
Basis
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1 IfA=i:(9);.
We definep(A) = M such that
0 ifk=iandl =]
My = 0 elseifk=iandl # |
0 elseifk=I
0 otherwise

We claim thaiti : (8); ~ p(i: (d)j).
From the semantics of LRR,would be evaluated as

[i:(0)j](S(X),S(X),..., S(X),..., S(X)) = (S1(X), S (X), ..., Si(X),..., S(X)).
Also we know from RME semantics that
[p(i:(®))](S1(X),S(X),..,S(X),-.-,S(X)) = (S1(X), (X)), - .-, Sj(X); .., S(X))
We see that

[i:(3)j](S1(X),; S (X),....S(X)) = [p(i : (8)}) ] (S1(X), (X)), .., S(X))

Hence proved: (8)j ~ p(i : (9);).
Note: (i (8)i =) ~A.
2. If A =i:(0);.
We definep(A) = M such that
6 ifk=I=i
My =< & else ifk:|7éi
0 otherwise
We claim thaiti : (8); ~p(i: (8);).
From the semantics of LRB, would be evaluated aji : (0);] (S1(X),S(X),..., S(X),..., Si(X)) =

(S1(X),%(X),-.-,0,...,S(X)).

Also we know from RME semantics that
[p(i:(8)))](Su(X),S(X),...,S(X),....S(X)) = (S1(X),S(X),.-,0,...,S(X)).
We see that

Hence proved: (8)j ~ p(i: (8)j).
. IFA=0: (V)

We definep(A\) = M such that

Yj ifk=iandl =]

0 elseifk=iandl # j
0 elseifk=I

6  otherwise

We claim thati : (Yj)k =~ p(i : (Yj)k)-
From the semantics of LRE, would be evaluated ai : (Yj)k] (S1(X),S(X),..., S(X),..., S(X)) =
(S1(X), S(X), ..., Imgrr(S(X),Y]), ..., S(X)).
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Also we know from RME semantics that

[p(i: (Vi) ] (S21(X), S(X),...,S(X),...,S(X)) = (S.(X), S(X), ..., Imgrr(S(X), Yj), - - ., S(X)).
We see that

Hence proved: (Y;)k =~ p(i : (Y)k).

Hypothesisiet A1 andA; be two LRES ovefT, then there exist semantically equivalent RM#&s andM-
over Cy and a State Set Vector of lengthwhereM1 = p(A1) andMz = p(A2) such that

A1~ M4, and
)\2 ~ Mz

Induction Step:
We consider the following cases:

1. LetA=A1 + Ao,
We definep(A) = M such that

vk <n ¥l <nMg = (p(A)k + (P(A2))ki
= (M1)w + (M2)i

We claim thath ~ p(}).

[A](S(X)) = [A1+ A2] (S(X)) by definition of LRE semantics
= [A 1] (S(X)) U [A2] (S(X)) by definition of LRE semantics
= [M1](S(X)) L [M2] (S(X)) by induction hypothesisience proved that
= [M1 + M2] (S(X)) by definition of RME semantics
= [M] (S(X)) by definition ofp())
A=~ p(A).

2. LetA=A10 Az
We definep(A) = M such that

We claim that\ ~ p(}).

[AT(S(X)) = [A1oA] (S(X)) by definition of LRE semantics
= [A2] ([A1] (S(X))) by definition of LRE semantics
= [A2] (R), whereR= [[A1] (S(X)) = [M1] (S(X)) by induction hypothesis
= [M2](R) by induction hypothesis
= [M2] ([M1]|(X(X)))
= [M;1 o M2] (S(X)) by definition of RME semantics
= [M](SX)) by definition ofp(A)

Hence proved that ~ p(A).
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3. LetA =Ag; Ao

Proof: Definep(A) = p((A1 +i:(8)i) o (A2 +1i:(d)i)). We claim thak ~ p(A).
We know from the induction hypothesis that

A~ Mg
)\2 ~ |\/|2
Also, from the basis, for anyi,: (8)i ~ A
From case 1
AM+i:(0)i=M1+A (12)
andAz +i:(0)i ~ My + A (13)

Also from case 2 and Equations 12 and 13,
A1+1:(0)i)oA2+1i:(0)i) = My +A)o (My+A4)
From the definition of RME semantics we get,
(A1;A2) ~ (M1; My)
Hence proved that ~ p(A).
4, LetA = *Aq.

Definep(A) = xp(A1) = *M; (From induction hypothesis). We claim that- p(A). From the semantics
of LRE, we know that[ A1 ] (S(X)) = | IZ[[A} ] (S(X)). We prove by induction on

Basis: Wheri=0, [A9] (S(X)) = [3] (S(X)). We know that the RME equivalent &fis A.
HypotheS|sAssume that the RME equwalent)q isMi, 0<i<k
Induction stepBy definition, we know thaAkJrl Ao )\k So,

[ATT(8(X)) =

Il
<
+
Ny
Q|
= X
I =
o N—
3
)
<
m
(7]
@D
=
QD
=1
o
w

So, for anyi, if an assignment of satisfies([[+A1] (S(X)))i, then there exists an integki(> 0) such
that an assignment af satisfies( [ (A1)] (S(X)))i. S|nce(M1)' is the RME equivalent for the LRE
(A)' VI >0, we have([[(M1)X] (S(X)))i = ([(A1)] (§(X)))i. Hence, an assignment efsatisfies
([*M1] (S(X)))i as well. Hence proved.

5. LetA = (A1).

Definep(A\) = M such that
VK, I, Mg = (p(A1))i
We claim that\ ~ p(A).

N (S(X)) = [(AD) ] (S(X)) By definition of A
= [A](S(X)) From the definition of LRE semantics
= [M1])(S

(S(X)) From induction hypothesis
(M1)](S(X))  From the definition of RME semantics
M] (S(X)) From the definition op(A)

[
A
[M
[
[
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Hence proved that ~ p(A).

. Leth = —(Ay).

Definep(A\) = =M such that

vk, I, M = (p(A1))ui

We claim that\ ~ p(A).

[AT(S(X)) = [~(A1) ] (S(X)) By definition of
= =[[A] (8(X)) From the definition of LRE semantics
=-[M1] (§(X)) From induction hypothesis
= [~(M1)](S(X))  From the definition of RME semantics
= [M](S(X)) From the definition op(A)

Hence proved that ~ p(A).

. LetA=i: (Y] Ux [C])k).

Let[C]=[r1,r2,...,rp] be a vector op labels.
We first prove that for any, |, k, if Ay = =i : (8)i andAz = —i : (8);, then
(=21 + A2] (S(X)))i = §;(X) A &(X).

([ 4+ A2] (SX)))i = (=([-A1 + =A2] ) (S(X)))i
= (=([[-A1]] (S(X))I_l [=A2] (S(X))))i From LRE semantics
= —=§j(X) V-&(X) From LRE semantics

= §j(X) A &(X )

This can hence be extended pop > 2 collection ofAj,1 < j < p where each\j =i : (3)yj, then
(I=(+ Z0A) T (S0 = AJZB(S (X)) Hence for this case we know thg ] (S(X)) =

[=(=(:(0)r1) + .. + (02 (B)rp) + (12 (k)
o (i (i) (S(X))

Construction op(A) follows from the basis, induction hypothesis and proof sdsand 2. Hence proved
thatA ~ p(A).

Hence proved by induction on the structure\of

Lemma 29. Any nx n RMM over Cy can be expressed as a semantically equivalent AR&er 7y, given
by the following translation

A= + 1N where, (14)
Vi, Ni = Nio (ovjxij:(8))) (15)
Vi, Ay = N1+ N2+ ... + Ain (16)

Aij = B(i,rij, ) = (i : (8)j) o G(i,rij) (17)
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Proof. LetR(X) = [M] (§(X)). Then by definition of RME semantics,

R(X) = [rall (S X) v [riz] (S(X)) V... V [Fin ]| (Sh(X))

wherevi, j, rij is an RE ovey. We claim thatVl ~ A.
Let Q(X) = [A] (S(X)). Then for alli, we will prove thatQ;(X) = R (X). We know that

Qi(X) = (IA] (S(X)));
= ([AL+A+ ... + N J(S(X)))i From Equation 14
= ([N (SX) L [AL] (SOX)) L. U [NAT (S(X)))i From the definition of LRE semantics
= (AT (SX)))i Vv ([AS]] (é(x))) V ([[AR](S(X)))i  From the definition of LRE semantics
We will first prove thatvj # i, ([A[] (S(X))); =

(IND(3X))); = ([N o (o viz i (8)))](5(X))); From Equation 15
= ([ ovjz i:®);](IN](S(X)))); From the definition of LRE semantics
= (R(X)); wherevj, Rj(X) = ([ ovjz J:(8);]([Ai](S(X))));
=0 From the definition of LRE semantics
Hence,
Q(X) = ([N (SX)))i
= ([NT(S(X)))i  SinceW( o vji j:(8);)n{i} =0.
= ([Aiz + N2 + ... Ain ] (S(X)))i  From Equation 15
= ([[Mi1] (§(X))) ([Ni2] (SX)))i V...V ([Ain] (S(X)))i From the definition of LRE semantics
|

[rie] (SX) V [[ri2] (S2A0X)) V...V [rin ] (Sh(X)) From Equation 17

Hence proved.

Lemma 30. Every RMER over Gy can be expressed as a semantically equivalent AREer 7y, such
that for a State Set Vecto(8) of length n and any transition systefiR] (S(X)) = [A] (S(X)).

Proof. We prove by induction on the structure of RMESs.

Basis For every RMe {Mq, ..., Mk} U{A, ®}, the lemma follows from Lemma 29.

Induction hypothesisAssume that RMER&; andR> over Gy, can be expressed as semantically equivalent
LREsA; andA; repectively overfy .

Induction StepWe consider the following cases:

1. If R=R1 + Ry, then we prove that = A1 + Ap.

[R](S(X)) = [R1 + R2] (S(X)) by definition of RME semantics
= [R1] (S(X)) U [[R2] (S(X)) by definition of RME semantics
= [M](SX) U [A2] (S(X)) by induction hypothesis
= [A1+ A2] (X)) by definition of LRE semantics
S NIEES)

Hence proved



72

2. If R=R1 o Ry, then we prove thaX = A1 o As.

[R](SX)) = [R10R2] (X)) by definition of RME semantics
= [R2] ([R1] (S(X)) by definition of RME semantics
= [R2] ([A1] (S(X))) by induction hypothesis
= [A2] ([A1] (S(X))) by induction hypothesis
= [[A1oA2] (S(X)) by definition of LRE semantics
— [A](&X))

Hence proved.
3. If R=-Ry, then we prove that = —A1.

[R](S(X)) by definition of RME semantics
by definition of RME semantics

X))
S(X))

==[M1] (§(X)) by induction hypothesis
| (S(;Q)

I

1
X
2

by definition of LRE semantics

Hence proved.

4. If R =(R1), then we prove that = (A1).
[R](S(X)) = [(R1)] (S(X)) by definition of RME semantics
= [(A1)] (S(X)) by induction hypothesis
= [M(S(X))

Hence proved.

5. If R = xRy, we prove thah = *Aj. .
From the semantics of RME, we know thitR1] (S(X)) = | 2[R} ] (S(X)). We prove by induction
oni.

Basis: Wheri=0, [R9](S(X)) = [A] (S(X)). We know that the LRE equivalent &fis .
HypothesisAssume that the LRE equivalentBf, 0 <i < kisA}.
Induction stepBy definition, we know thaR™ = Ry o RK. So,

[REF] (S(X))

|
R,

P PXpRpXx

>

1
Slolo =t

]
(S(X)) from LRE semantics
+1](S(X)) from LRE semantics

>
=

So, for anyi, if an assignment of satisfies( [ «R1]] (S(X)))i, then there exists an integei(> 0) such

that an assignment of satisfies( [ (R1)¥] (S(X)))i. Since(A1)' is the LRE equivalent for the RME
(Ry)' VI > 0, we have([(M1)X](S(X)))i = ([(A1)¥] (S(X)))i. Hence, an assignment efsatisfies

([*A1] (S(X)))i as well.

Hence proved.

Theorem 16. Every LRE\ over 7y, can be expressed as a semantically equivalent RM&er Cyn and
vice versa.

Proof. Follows from Lemma 28, Lemma 29 and Lemma 30. Hence, LREs avitRare expressively
equivalent.
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Corollary 5. Every negation free and constrain free LREver Ty, can be expressed as a semantically
equivalent negation free RME over Gy pand vice versa.

Proof. Follows from Theorem 16.

Lemma 31. Every negation free and constrain free LRBver 7y, can be expressed as a semantically
equivalent negation free RME! over Gy, but there is atleast one RME with negation which is not
semantically equivalent to an RM’ over C.

Proof. Follows from Corollary 5 and properties of RMEs listed in @c 19.3. The expressive equivalence
of LREs and RMEs follows from Theorem 16. With the negatioamapor RMEs are strictly more expressive
than RMs. We illustrate this with an example.

Consider a State Set VectBr= {S;, S} with 2 components. Let

00
= (26)
00
= (56)
Consider the RME~(—=(M;) + =(M,)). Evaluating this RME oS gives

[~(=(M1) + ~(M2)) ] (S(X))

and

S([=(M) ] (SX)) L [~(M2) ] (S(X))) From the definition of RME semantics
—(=S1(X), 1) U (—=S(X),1) From the definition of RME semantics
—~(=S1(X) vV -$(X),1)

(S(X) A %(X),0)

This RME—~(—=(M;) + —(M>)) cannot be expressed as a RM. Rdbe a 2x 2 RM such thaf[R] (S(X)) =
(S1(X) A$(X),0). We want to determingj, Vi, j. In other words, determine

[ri] (S:(X)) V [r12] (S2A(X)) = S1(X) A S(X) and, (18)
[raa] (S1(X)) V [[r22] (S2(X)) = 0 (19)

Equation 19 has a trivial solution;1 = ro2> = 6. Equation 18 has no solution.

21 Effect of negation operator

It is more intuitive to view the framework of REs, LREs and R§&s a mechanism to specify a sequence
of image computations over certain sets of states. So thaseWorks allow us to talk about sequences of
image computations rather then a single image operatios.allows us to consider these frameworks as a
language which permits image computation operations auesets of. Each image computation sequence
can be thought of as a word of a language whose alphabet nettit@ individual image operations which are
used to for the sequence. For instance,-theperator can be viewed as the union operator in any language,
the o operator performs concatenation of two strings, while thaperator performs Kleene closure. But
with the negation operator, the effect of evaluating theatieg is on the result obtained by the application
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of that image sequence rather than over the image sequsetfe\We illustrate this point with an example
of the STD of a transition system shown in Figure 6. Given theracteristic functiois(X) of a set of states
S, let g be the image computation sequence not allowed ,dien in general

[-o]l(S(X)) # [O](S(X))
[—o](S(X)) ==[0o] (S(X)) From the definition of RE semantics

For handling languages that allow the negation operati@ywould require using a much richer theory of

p— calculus.
T
1 Tl
Q G

Fig. 6:Effect of Negation operator

Consider Figure 6, let the state markings refer to theirabt@ristic functions. Suppose we want to evaluate
—(*Y1) on the characteristic functiam of the initial set of stateSp, we get,

[~(+Y2)] (do) = —~[*Yi] (co)
=01
Whereas]+¥; ] (go) = 0

22 Experimental results and Discussion

We have described how several strategies can be encodedess T&Revaluate the effectiveness of our ap-
proach, we have implemented an interpreter for LREs on tapeBDD-based reachability analysis engine
NuSMV [14]. It takes as inputs: (i) a description of a booléasomposition of the transition relation, (ii) an
LRE, and (iii) an initial set of states. Figure 7 shows the ¢y Architecture of our generic framework.
The reachability engine of NuSMV at the backend is used fagencomputations. We believe that it should
be possible to integrate our framework with other backengires in future. The middle layer provides
some book-keeping and set-theoretic functionality usemtopute the set of reachable states. The topmost
interpreter layer allows us to writmeta-programas LRES encoding search strategies.

Our framework allows more ease in experimenting with défegrsearch strategies. Implementing such
a framework in NuSMV would require lot of familiarity with eéhfunctions available and parameter passing
required. In comparison, we believe that learning to use $ REnuch easier, more intutive and less cum-
bersome. Additionally, every LRE can be shown to be equivalea set of equations in modaicalculus.
Hence, a modgl-calculus prover can be integrated to our framework to agsishecking certain kinds of
relations (containment, entailment and equivalence) deiwthe semantics of two LREs. This would also
help to check if the semantics of an LRE is correct by checksglation in thigprovercomponent with the
vanilla strategies which are known to be computationally ineffitfen large circuits. Our implementation
currently does support this prover component.
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b, e

[ optimizer——{ Prover Componet——
N

Y
Print Implication|

Aopt

LRE Interpreter

Book-keeping & Set-theoretic operations

Reachability Engine (NuSMV)

Fig. 7: Layered framework architecture

We report reachability analysis results of the algorithnesrf [12] using overlapping projections of the
state variables on some large circuits of the publicly add ISCAS-89 benchmark suite. In addition, we
also compare these with the results of using the new stratégyput constraining. All our experiments
were conducted on a 1.66GHz Intel Pentium-IV processor 84tAMB main memory, and running Fedora
Core Linux 3.4.3-6.fc3. Table 1 presents details of reaitityabnalysis performed using our tool on some

Circuit |Pl| FF |projections TMBM TMBM-input constraining||Relative gairh
BDD reach | time BDD reach | time
$13207.y31| 669 47 2197691.03e-1151427.4|| 455164(1.39e-125 5844 || 1.35e-10
$15850.y14{ 597 64 496117|2.81e-1013095.3| 851332/3.32e-1106136.2|| 1.18e-09
s38584.y12/1452 205 235198| 4.93e-57 7996.9|14103625.25e-61] 9343.4|| 1.06e-04
$35932.y35(1728 54 10156393.99e-7125811.4121943692.93e-7851362.6¢ 0.73e-07

Table 1: Comparison of reachability analysis with and withioput constraining

large circuits from ISCAS-89 benchmark suite. The columihBIoFF and projections refer to the number
of primary inputs, state variables and projections respelgt The projections were provided to us by the
authors of [18] and are the same ones used by them. All theitsrawere traversed using the TMBM [12]
approach using 10 iterations of TFBF initially. We also et and experimented with other strategies
discussed in [12], all of which show comparable reachald&estets, but involve overheads of time and
BDD sizes. Setting up our experimental framework takes @mgund a couple of hours for each circuit
in contrast to building custom reachability analyzers gsither NuSMV or VIS which in our experience
takes much longer time. In addition, our framework alsovadlas to ensure the correctness and soundness
of the encoded strategies. We also report results of usiagdia of input constraining on these circuits.
Columns BDD, reach and time refer to the Peak BDD count, r&alehfraction of the state space and
traversal time (in seconds) respectively. The last coluhuws the relative gain of using input constraining.
Without input constraining, our tool gives reachable fimas comparable to those reported in [18] except
for the circuit s15850.v where use of a different clusteresioly gives us tighter overapproximation. For
the largest circuit, s35932.v, Govindaratial. in [18] don’t report any results. We observe that our tool



76

requires more BDD nodes than in [18] which can be attributetthé book-keeping operations involved, or
use of a different BDD package in [18], or some heuristicmjtations unreported in [18]. As was expected,
both the peak BDD count and time taken show sharp increadethdtuse of input constraining. Note that
lower this fraction, tighter is the approximation of the chable state space computed. We report orders of
magnitude improvement for most of the circuits with the usaput constraining. The tool is available at
http: //wwwcfdvsiitb.ac.in/ ~ seethgd FMCADO7/nusmvd p.

The dependency plot shown in Figure 8 between the next andutlient state variables in the circuit
s$35932.v, reveals a lot about the structure of this cirali. observed that the circuit is built up of nine
boxeswhich are functionally equivalent. In each of the nine boxeswere able to identify 6 groups of state
variables which have have similar next state equationseis ¢hrresponding groups in other boxes. Only
the state variables belonging to the first box depend on the PI

Dependency of State Variables

' ' I I I '1335932—de;|3—matrix" -~
1600 [ b 2 E
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// -
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3 = >
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O 600 F / < i
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7 2
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7 2
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0 1 1 1 1 1 1 1 1
0 200 400 600 800 1000 1200 1400 1600

Next state variables

Fig. 8:Dependency Plot of s35932.v

We have used each group of variables as a partition of theitiand have hence got 54 clusters in
this circuit, which incidentally is also the same numberloters mentioned by Chet al.in [12] but like
Govindarajuet al. in [18], we were also unable to generate 54 clusters basetleopartitioning strategy
proposed by Chet al. in [12]. To generate projections for our experiment withstkircuit, we chosen
some random state variables as the overlapping variabtessathe disjoint partitions. We are yet to fully
investigate the benefits of such a regular structure whicheeexploited to get better traversal results.
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22.0.1 Identifying constraints on PIs In order to identify constraints to be imposed on the Pls, e o
served the dependency plot between the next state varigbibe circuit and the Pls. Shown in Figure 9

Dependency of State Variables on Pls in ckt s13207.v
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Fig. 9: Dependency on Pl in s13207.v

is the dependency plot of the state variables in circuit 8Z320n its Pls. It is easy to see that there are
certain groups of Pls which affect only a particular subdetate variables. Such plots can be indicative of
the input constraints that can be imposed to tighten theapygpximation. For instance, from the figure 9,
we see that a subset 5 Pls numbered from 23 to 27, affect ordyyaswmall part of the state space (State
variables numbered 212 to 250). We used 4 Pls from this stibgetnerate the constraints and tried out all
the 16 possible combinations of the Pls. Other subsets ahBtxan be used to generate constraints could
also be PIs numbered 21 and 22 which also affect only a smadleswf next state variables.

For all the circuits we ran our experiments on, we restricietselves to the use of constraining atmost
4 Pls from any subset of Pls chosen to impose constraints.

23 Conclusions & Future work

In this report, we presented an extension of Thomas et alik j&8?] on reachability expressions, and

showed how negation-free decompositions of a circuit'aditgon relation can be used to systematically
derive and discover LREs encoding strategies for compttiegset of reachable states. Encoding such
strategies as LREs gives the unique advantage of beingabtedcomparative reasoning in a formal setting.
It also allows implementing these strategies quickly usingtool. Thus it achieves the dual goal of easy
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implementation and formal reasoning about alternativectestrategies. However, there are limitations of
LREs as well. Since each LRE encodes a static order of congpitiages and combining them, we are
currently unable to encode strategies that adapt on-th&ityilarly, the restriction of using only a finite
pre-determined number of labels/tags imposes restristionencoding strategies like full-blown TFBF [12]
or pure depth-first search. We intend to augment the expeepsiwer of LRES to be able to capture such
strategies as well, while being able to efficiently decidplication and equivalence checking between LREs.
The latter is important in order to check the soundness amptateness of new strategies encoded as LREs.
We hope that the framework of LREs will eventually help desig and verification engineers easily encode
their intuitions into search strategies, and also helpaliscnew provably correct strategies for reachability
analysis.

24 Syntax Directed Translation and Reachability Operators

In this chapter, we detail the syntax directed translatidrRESs using the reachability operators used by our
implementation framework.
LE — L:(E)L {LE.code=$i, index: E.CO0ES$L, index) }
| LE + LE {LE.code= union(LE;.codeLE;.codg}
| LEo LE {LE.code= fix(fix($,LE;.codel),LE>.codel)}
| LE;LE {LE.code= fixU(fixU($,LE;.codel),LE;.codel)}
| -LE {LE.code= complLE;.codg}
| (LE) {LE.code= LE;.codé
| #LE {LE.code= fixU ($,LE;.codeinf)}

E =Y {E.cod€$i) =img($;, )}
| Y; L [C] {E.codg$)=imgmq$;,C.codej)}
| & {E.codd$i) = $i}
| 6 {E.cod€$;) = 0}
Cc —-L,C {C.code= $|_index, C.code}
| L {C.code= $_index}
L — L {L.index=i}

24.1 Operators and Functions used

. fixU(S,0p,count): Return valu&u op(S) Uop?(S) U ... Uop™ouny(s).

. fix(S,0p,count): Return valuept®u"y(s).

. union, S) : Return value: Computes component wise union of the Sett&&:torsS; andS,.

. compl&): Return valueU \ S; , computes set difference of State Set Vetfofeach component of
which isQ) and$;.

. img(S, cnum): Returns the image of the set of states S ctadjusing the BFV of thenuni” cluster.

. imgmc(S, Svector, cnum): Returns the image of the implicit conjunctaf the set of states S and a
vector of sets of states under the BFV of tiruni" cluster using multiple constrain operator.

7. nullvector(): Return value: returns a State Set Vector all of sehcomponents afe

A WNBRF

(o2 )

Note that we use $to refer to thejt" component of the context State Set Vector.



24.2 Evaluation algorithm for LREs

vector * eval (char * cnd, vector * §) {
subcnd[] = parse(cnd);

i f(subcnd[0] == fixU {
count = subcmd[ 3] ;
S 1 = eval (subcmd[1],9);
dof
if(count I'=infinity)
count - -;
S 2 = eval (subcmd[ 2], S 1);
S1=S1US2;
}whi | e(doesnt _change(S_1) & count >= 0)
return S 1,

}

i f(subcnd[0] == fix) {
count = subcnd[ 3] ;
S 1 = eval (subcmd[1],9);
do {
if(count I'=infinity)

subcmd[ 2], S 2);

1 1= S 2 & count >= Q)
1

w
~k= N
no
@
-2,
=2
—

i f(subcmd[0] == Union) {

S 1 = eval (subcmd[1], S);
S 2 = eval (subcmd[ 2], S);
S1=S1US2;

return S_1;

}

i f(subcnd[ 0] == conpl) {
S 1 = eval (subcmd[1], S);

S2=U\ S1;
return S_2;

}

i f(subcnd[0] == $i: Ing) {
| abel = i;

cluster = subcnd[2];

79
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}

trans_vector = make_bfv_vector(cluster);
S1=S5

Scomp = eval _conmp(subcnd[1], 9);

Simage = | mage(Sconp, trans_vector);

S 1[I abel] = Simage;

return S 1,

i f(subcnd[0] == $i: Ingne) {

}

| abel =1i;
S1=S5
Sconp = eval _conp(subcnd[ 1], S);
cluster = subcmd[ subcndl engt h-1];
trans_vector = make_bfv_vector(cluster);
i ndex = 2;
do {
Sconstraint = eval _conp(subcmd[index], S);
i ndex++;
add_to list(constraint_list, Sconstraint);
}whi l e(index != subcmdl engt h-2)
Simage = I nagent(Sconp, constraint _list, trans_vector);
S 1[label] = Simage;
return S 1,

i f(subcnd[0] == D) {

}

return S

i f(subcnd[0] == B) {

}

S 1 =null_vector();
return S 1,

i f(subcmd[0] == $i:-) {

}

| abel =1i;
S1=75

S 1[label] =1_0;
return S 1,

i f(subcmd[0] == $i: $j) {

| abel =1i;
S1=S5

S 1[label] = 9j];
return S_1,
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}

i f(subcnd[0] == $i: b) {
| abel =1i;
S1=§
S 1[label] = set_enpty();
return S 1,

}

if(subcnd[0] == $i: t) {
| abel =1i;
S1=S5
S 1[label] = set_tautol ogy();
return S_1;

set * eval _conp(char * subcnd, vector * §) {

i ndex = get _i ndex(subcnd);
return §[index];
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